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Abstract — We establish Grothendieck's section conjecture for an open subset of the 
Reichardt-Lind curve, and introduce the notion of a Brauer-Manin obstruction for sec- 
tions of the fundamental group extension. 
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1. Introduction 

This note addresses the arithmetic of rational points on curves over algebraic number fields with 
the etale fundamental group as the principal tool. 

1.1. The section conjecture. Let k be a field with absolute Galois group Gal& = Gal(/c sep /fc) 
with respect to a fixed separable closure k sep of k. The fundamental group of a geometrically 
connected variety X/k with geometric point x £ X sits in an extension 

(1.1) 1 -> TTipT x fc k scp ,x) -> 7r x (X,x) -► Gal fc -> 1, 

that we abbreviate by TT\(X/k) ignoring the basepoints right away in our notation. 

To a rational point a £ X(k) the functoriality of tt\ associates a splitting s a ■ Gal& — ► tti(X) 
of m(X/k). The functor tt\ depends a priori on a pointed space which forces us to make choices 
and yields only a well defined tt\(X x& /c scp )-conjugacy class of sections. The section conjecture 
of Grothendieck's contemplates about the converse. 

Conjecture 1 (see Grothendieck |Gr83j ). The map a i— > s a is a bijection of the set of rational 
points X(k) with the set of iri(X x^. k scp )-conjugacy classes of sections of ir\(X/k) if X is a 
smooth, projective, curve of genus at least 2 and k/Q is finitely generated. 
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It was known to Grothendieck, that a i— > s a is injective by an application of the Mordell-Weil 
theorem in the number field case, see |Sxn8hj Appendix B, and |Mz99| Thm 19. f for even a 
pro-p result of injectivity. As we will deal in this note with problems of transfer from local to 
global, we emphasize, that Conjecture [T] has also been conjectured for finite extensions k/Q p . 
The argument for injectivity transfers almost literally to the p-adic case. 

It is also well known that in order to prove the section conjecture for curves over a fixed 
number field or p-adic field k it suffices to show that having a section is the only obstruction for 
having a /c-rational point, see |Ko05j or |Sx08aj Appendix C following a strategy of Nakamura 
and Tamagawa. In other words, if m(X/k) splits, then we must guarantee a rational point. But 
we need this weak version of the section conjecture for all finite etale covers of X that are 
geometrically connected over k. 

A modified form of Conjecture Q] for an open variety U which is the complement of a divisor 
with normal crossings Y in a geometrically connected proper smooth variety X/k was proposed 
in |Gr83| . The modification takes into account that /c-rational points y 6 Y(k) contribute 
sections as follows. The natural surjection D y -» Gal& of the decomposition group D y of y in 
mU is known to admit splittings that lead by D y C n±U to sections of iri(U/k). 

1.2. Evidence for the section conjecture. Recently there has been much work on the p-adic 
version of the conjecture and pieces of evidence for the section conjecture have emerged over 
the years. The most convincing evidence consists perhaps in Koenigsmann's proof in |KoQ5] of 
a birational analogue for function fields in one variable over a local p-adic field. A minimalist 
metabelian pro-p approach to Koenigsmann's theorem was successfully developed by Pop in 
|P07j . whereas Esnault and Wittenberg, |EW08j Prop 3.1, were able to reprove algebraically the 
"abelian part" via the cycle class of a section. 

The analogue of the section conjecture over R, the real section conjecture, is known by 
Mochizuki |Mz03j Thm 3.13, following work of Sullivan, Cox and Huisman. Alternative proofs 
can be found also in |Sx08aJ Appendix A, in the notably elegant simple argument of |EW08| 
Rmk 3.7(iv), using a fixed point theorem in |Pa09j Thm 1.3, and moreover in |Wi09j §3.2, in 
which Wickelgren shows a geometrically 2-step nilpotent pro-2 version. 

The first known examples of curves over number fields that satisfy the section conjecture are 
empty examples in the sense that there are neither sections and hence nor rational points. The 
absence of sections is explained by the real section conjecture in case there are no real points on 
the curve for some real place. A local p-adic obstruction to sections is constructed in |Sx08aj . 
which explains the absence of sections in a number of cases when there are no p-adic points for 
some p-adic place. 

Later Harari and Szamuely |HS08j gave examples of curves over number fields that are coun- 
terexamples to the Hasse principle, so they have local points everywhere but no global point, and 
nevertheless satisfy the section conjecture. These are again empty examples, but as we mentioned 
above, the ostensibly dull case of empty curves is exactly the crucial class of examples. 

1.3. Outline of the paper. In this note, which contains parts of the author's Habilitations- 
schrift |SxlO| at the University Heidelberg, we will discuss the analogue of the Brauer-Manin 
obstruction for an adelic point to be global, see Section |3~T1 for adelic sections of irx(X/k) and 
a number field k. This has been independently observed at least by O. Wittenberg. Here we 
actually apply this obstruction to show in Section [5] that the open subset U of the Reichardt- 
Lindt curve described by 

2y 2 = x 4 - 17, y + 

does not admit a section of its fundamental group extension m(U/Q). This case is particularly 
interesting further evidence for the section conjecture because U has adelic points and the 
absence of sections is not explained by the strategy of Harari and Szamuely |HS08| . Furthermore, 
Section [5] contains various generalizations: for arithmetic twists of the Reichardt-Lind curve and 
even for an isotrivial family of such arithmetic twists inspired by an example by N. D. Elkies. 
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The explicit examples for Brauer-Manin obstructions against sections are continued in Section 
[7] were we illustrate the failure of the method to show the absence of sections in the case of the 
Selmer curve, which is given in homogeneous coordinates as 

3X 3 + 4Y 3 + 5Z 3 = 0. 

In Section[2]we discuss the space of all sections ^ W1 (x/k)- Among useful results for later parts 
of the note we generalize slightly as a byproduct the observation by P. Deligne, see Appendix lAl 
in that ^ 7 7ri (x/fc) 1S naturally a compact pro-finite space for a proper variety X over a number 
field k. 

Section |4] contains conditional results that depend on various conjectures. In particular we 
show that the local version of the section conjecture together with the conjecture that the 
Brauer-Manin obstruction is the only obstruction against rational points on curves imply the 
section conjecture for curves over number fields. 

Acknowledgement The author is grateful to J.-L. Colliot-Thelene for explaining to him the 
Brauer-Manin obstruction to rational points on the Reichardt-Lind curve, and to N. D. Elkies 
for explaining his construction from the introduction of [PoOlj . He thanks O. Wittenberg for 
numerous comments and H. Esnault for making available the letter from P. Deligne to D. Thakur, 
and is grateful to P. Deligne for permitting the letter to appear as an appendix. 

2. Preliminaries on sections 

Let X/k be a geometrically connected variety over a field k of characteristic with algebraic 
closure fc alg . The set of m(X x k fc alg ) -conjugacy classes of sections of -K\(X/k) will be denoted 
by y-K^x/k) an d is called the space of sections of X/k. 

2.1. Base change. For a field extension K/k with algebraic closure & alg C K alg the projection 
Xk = X x k K — > X induces an isomorphism 

^{Xk x K K^)^^{Xx k k^). 
Thus the extension tti(Xk / K) is the pullback of iri{X/k) via the restriction GbIk — ► Gal^ and 

tvi(X k ) ^ir^X) x Galfc Galo- 
is an isomorphism. The defining property of a fibre product leads to a natural pullback map for 
spaces of sections 

^mix/k) -> ^{X K /K), s^s K = s®K. 

We set 5? %1 rx/k)(K) = y i T 1 {x K /K) which describes a covariant functor on field extensions K/k 
with values in sets. 

Lemma 2. Let k be either a number field or a finite extension of Q p , and let X/k be smooth 
and geometrically connected. Any section s : Galfc — ► vri(X) has an image with trivial centraliser 
in tti(X). 

Proof: We argue by contradiction. As Gal^ is known to have trivial center, we may assume 
that s(Galfc) centralises a nontrivial 7 G vri(A x k k alg ). Let H <\tt\{X Xj,A; alg ) be a characteristic 
open subgroup with 7 0//. Then (H, 7)s(Galfc) C tti(X) is an open subgroup corresponding to 
a finite etale cover X' — > X. The element 7 has nontrivial image in 7r ab (A' Xfc£; alg ) = (H, 7) ab , as 
can be seen in the cyclic quotient (H,j)/H. Consequently, 7r ab (A' x k /e alg ) contains a nontrivial 
Galfc-invariant subspace H°(fc,7r ab (X / x k fc alg )). 

Let B be the generalized semiabelian Albanese variety of X. Then the Tate-module T B = 
lim^ B \n\ agrees as Galfc-module with 7r ab (A' x& /c alg ), so that 

H°0,7rf (X' x k k als )) = B°(k,TB) =KmB[n](k) = lhnB(k)[n] =0 
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because the torsion group of B(k) is finite if k is a number field or a p-adic local field. This 
achieves a contradiction and completes the proof. □ 

Proposition 3. Let k be either a number field or a finite extension ofQ p , and let X/k be smooth 
and geometrically connected. 

The map E \— ► ^ fi 1T1 [x/k){B) is a sheaf of sets on Spec(fc)^f In other words the space of sections 
satisfies Galois descent, i.e., for a Galois extension E/F of finite extensions of k the natural 
map 

^x{X/k){ F ) -> ^n(X/fc)(-E) 
is injective and has the Gsl{E / F) -invariants as image. 

Proof: For the proof we may assume that F = k. We first show that restriction is injective. 
Let s,t be classes of sections defined on Galfc that agree when restricted on Gals. We choose 
representatives of s,t such that s|cai B coincides with i|cai B - The difference 

a : Gal fc -> tti(X x k £; alg ), a a = t(a)/s(a) 

is a non-abelian cocyle, which means for all a, r G Galfc we have 

a<TT = a a s(a)(a T )s(ay 1 . 

As s and t agree on Gal^, we have a T = 1 for all r G Gal^. It follows from putting r G Gal^ 
and then a G Galg that a factors over Gdl(E/k) with values in the centraliser of s(Gals). By 
Lemma El above we find a = 1 and s equals t on all of Galfc. 

The image of restriction is obviously contained in the set of Gal(-E/&i)-invariant sections. 
Proving the converse, we assume that s : Gal^ — > ni(X) is a Galois invariant sections. This 
means that for all a G Galfc a suitable lift a G n\ (X) will satisfy 

(a(-)a" 1 ) o S o (ff-^-Jff) =a 

with the necessary conjugation by an element of ir\{X /c alg ) being incorporated into the 
correct choice of a. It follows that ut{ctt) 1 centralises s(Gals), hence equals 1 by Lemma [2j 
For a G Gal^ we get 

a = {a(-)a^) o s o (a^Ha) = (a(-)^ 1 ) o (s^)-^-)^^)) o s 

so that as(a)~ 1 centralises s(Gale), hence = s(a) by yet another application of Lemma[2l It 
follows that <7 i — > <7 is a section in ^^(x/fe) that extends the given section s to all of Gal^ and 
this remained to be proved. □ 

2.2. Reduction of sections. In this paragraph, let S = Spec(i?) be the spectrum of an 
excellent henselian discrete valuation ring with generic point ry = Spec(fc) and closed point 
s = Spec(F). For a geometrically connected, proper variety U/k, which is the generic fibre 
j : U C X of a proper flat model X/S with reduced special fibre Y = X SjIc a, we have a 
specialisation map 

U(k) = X(R) -> Y(¥). 
The corresponding structure for sections is as follows. 

2.2.1. The ramification of a section. The kernel of the natural map Galfc -» tti(S,s) = Gab? is 
the inertia group which is the absolute Galois group of the field of fractions fc nr of the strict 
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henselisation R sh with spectrum S = Spec(i? sh ). Inspection of the diagram 

1 iiiiUxkk^) m(U) G a l fe 1 

1 - TT^XXsS) » TTl(X) 7Tl(S,s) ^ 1 



1 ^i(Yx F F alg ) tti(F) Gali 



leads for each section a S ^' 7T1 (x/k) to the ramification homomorphism 

p = p a :I k -nr 1 (Y x F F alg ), 
that sits in a commutative diagram 

1 >■ Ik *- Gsl k Galp *- 1 

1 ^ ^i(Yx F F alg ) 7ri(F) Galp 1 

Consequently, the ramification p is a Gal F -equivariant homomorphism. For sections a = s u 
which belong to a rational point u £ U(k) the ramification p Su vanishes. 

2.2.2. No tame ramification. The inertia is the semi-direct product of a pro-p group, where 
p is the residue characteristic, and the tame inertia ljf me = Z(l)(F alg ) = Wi^^iiX)- By abuse 
of notion we will also call tame inertia the images of splittings of \ -» I 



tame 
k 



Lemma 4. Let us assume in addition that ¥ is a finite field of characteristic p and that Y/F is 
a proper curve. Then im(p) is a pro-p group, i.e., the restriction of p to tame inertia is trivial. 

Proof: Otherwise, the image of tame inertia under p would be infinite, because ir\{Y x F F alg ) 
has finite cohomological dimension. After replacing Y, and thus U and X by some finite etale 
cover, we would have a nontrivial Gal F -equivariant map 

pUt^e : i(l)(F alg ) -^nf{Y x F F alg ) 

that contradicts the Frobenius weights in etale cohomology of proper varieties over finite fields. 
Here 7r ab is the abelianization of n\ that is Pontrjagin dual to Hg t and torsion free. □ 

2.3. Topology on the space of sections. 

2.3.1. Neighbourhoods. A neighbourhood of a section s S ^ 7T1 (x/k) is an open subgroup H 
of iti(X) together with a representative of s whose image is contained in H considered up to 
conjugation by HllWi(X). Equivalently, a neighbourhood is a finite etale map h : X' — > X with 
X' geometrically connected over k and a section s' E ^miX'/k) which maps to s under 7Ti(/i). 

The images Uh = im(-7ri(/i) : S^^cx' lh) ~~ * ■^■n 1 {X/k)) where h runs through the neighbour- 
hoods of any section of 7Ti(X/k) form the open sets of a topology on ^^x/k)- We will consider 
=^7ri(x/fc) as a topological space endowed with this topology. 
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2.3.2. Characteristic quotients. A topologically finitely generated pro-finite group T is in several 
natural ways a projective limit of characteristic finite quotients along the index system (N, <). 
For example, we may set Q n (T) = T/ f^ker^) where ip ranges over all continuous homomor- 
phisms r — > G with G finite of order < n. Then Q n (T) is finite, the natural map T — ► lim^ QnCO 
is an isomorphism and the kernel of T -» Q n (T) is preserved under any continuous automorphism 

of r. 

As tti(X x/c /c alg ) is topologically finitely generated if k is of characteristic we might push 
iri(X/k) by the map iri(X /c alg ) -» Q n (iri(X x^ fc alg )) to obtain extensions Q n (jri(X/k)): 

1 Q n MX x k fc alg )) - 7r 1 (X)/ker (ir^X x k £; alg ) -» Q„(^i(A x fe A: alg ))) Gal fc - 1. 

We naturally extend the notation for the space of sections, so that ^Q n ( 7T1 (x/k)) denotes the 
Q n {iT\{X Xfc fc alg ))-conjugacy classes of sections of Q n (ir\(X / h)) . 

Lemma 5. The natural map y^x/k) ~~ ^ lim^ S^q^ f 7ri (x/k)) ?s a homeomorphism if we endow 
the right hand side with the pro-discrete topology. 

Proof: Let s,t be representatives of clases in ^nitx/h) that agree at every level Q n (irx(X/k)). 
Let M n C tti(X Xfc /c alg ) be the nonempty set of elements which conjugate s into t at level 
Q n (7Ti(X/k)). Then lim M n is a projective limit of non-empty compact sets and is therefore 
non-empty. Any element in the limit conjugates s into t. The surjectivity is clear. □ 

2.3.3. The arithmetic case. We now consider the case where k is either a number field, or a 
p-adic local field or R. 

Proposition 6. Let X be a geometrically connected variety over either ap-adic or an achimedean 
local field k. Then the topological space of sections y %1 tx/k) ^ s a pro-finite set. 

Proof: By Lemma [5] it suffices to show finiteness of the set of sections of Q n ('Ki(X/k)), which 
follows in the local case from Gal^ being topologically finitely generated by |Ja89j Thm 5.1(c), 
see also |NSW08| 7.4.1. □ 

Proposition 7. Let X be a proper, geometrically connected variety over an algebraic number 
field k. Then the topological space of sections y m tx/k) ^ s a pro-finite set. 

Proof: By Lemma we need to show finiteness of the image of y wi (x/k) ~^ ^Q„(7ri(X/ifc)) 
for each n. Let B n C Spec(ofe[^|]) be an open subset such that the extension Q n (Tti(X/k)) 
is induced from an extension of ni(B n ) by Q n {-K\{X x& /c alg )). Any section of Q n {iTi(X/k)) 
coming from a section of iri(X/k) will be unramified at places in B n by Lemma |H Any two 
such sections thus differ by a nonabelian cohomology class in H 1 (B n ,Q n (iri(X x^ fc alg )), which 
is a finite set by Hermite's theorem that states the finiteness of the set of field extensions of an 
algebraic number field with bounded degree and places of ramification. □ 

Remark 8. Unfortunately, unlike with pro-finite groups, a countable pro-finite space need not 
be finite. In fact, the space M = {^; n£N}U {0} with the topology inherited as a subspace 
M C R is a countable pro-finite set. Hence, contrary to a long term belief, the topological result 
of Proposition [7] does not reprove the Faltings-Mordell theorem of finiteness of the set of rational 
points on smooth, projective curves of genus at least 2 once the section conjecture is known. 

Remark 9. The results of Section I2T31 have been obtained independently from the similar results 
by P. Deligne that are reported on in a letter from P. Deligne to D. Thakur. The author is 
grateful to P. Deligne of having authorised its reproduction as an appendix for the convenience 
of the reader and for giving due reference. 
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2.4. Evaluation of units at sections. Let U/k be a geometrically connected variety. For 
n G N not divisible by the characteristic, the Kummer sequence determines a homomorphism 

K : 0*(U) H 1 ^,^) = H^vnC/,^), / ' * as/. 

The evaluation map modulo n for a section s G <^ri(t//fc) is the composite 

0*(f/) - = H 1 (/c, //.„) = H^GaU,^), / ^ /(*) = «*(«/). 

The functoriality of the Kummer sequence shows that for a section s u associated to a fe-rational 
point u G U(k) we have 

f( Su ) = f(u) mod (k*) n 
and so the name evaluation is justified. 

2.4.1. Galois- equivariant evaluation. Let k'/k be a finite Galois extension with Galois group 
G = G&\(k' /k). For a section s of ni(U/k) the base change s' = s k' induces a G-equivariant 
map 

s'* : HVi^/Vl^H 1 ^',^) 

because for a G 67 we have 

s'* o H^Tr^id xcj)) = s'* o (a^) - ^-)*^))* = (s(a)- 1 s / (-)s(a))* 
= (s' o (ff-^-Jff))* = (^(-y)* o s '« = H^vr^cr)) o s'*. 

2.4.2. Evaluation and norms. More generally, for a finite field extension k'/k the projection 
pr : Uy — ► [/ is finite flat and thus allows a norm map iV : pr„, G m — ► G m . The induced map 
pr* ^ n — ► induces the corestriction on cohomology. Thus the following diagram commutes 

| AT |cor jcor j^k'A 

o*(C7) h 1 ^,/^) h 1 ^,^) — r/(rr 

so that AT(/)(s) = N k , /k (f(s')) with s' = s ® k' and / G 0*(E/V). 

3. Brauer-Manin obstructions 

3.1. Review of the Brauer-Manin obstruction for rational points. The Brauer-Manin 
obstruction was introduced by Manin in |Ma71j and can explain the failure of the local-global 
principle. Let k be an algebraic number field and X/k a smooth, geometrically connected variety. 
Let k v denote the completion of A; at a place v so that the restricted product A k = Y[' v k v with 
respect to all places and the rings of intergers o v C k v is the ring of adels of k. 

On the set of adelic points X(Ak) we introduce the equivalence relation with set of equivalence 
classes X(Afc)., where two points are equivalent if they lie in the same connected component 

at each infinite place. A global cohomological Brauer class A G Br(X) = f H 2 (X, G m ) yields a 
function 

(A, -) : X(A fe ). -> Q/Z, x = (x v ) v » ^ inv„(^(x„)) 

V 

where A(x v ) is the pullback of A via x v to the Brauer group H (k v ,G m ) = Br(k v ) that has the 
canonical invariant map inv„ : Bv(k v ) — > Q/Z. The Hasse-Brauer-Noether local global principle 
for Brauer groups, see |NS W08j 8.1.17, i.e., the exactness of 

(3.1) -> Br(jfe) Br(A^) E " mV "> Q/Z -> 0, 

V 
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shows that the global points X(k) lie in the Brauer kernel 

X(A k )® T := {x G X(A fe ). ; (A,x) = for all A G H 2 (A,G m )} 

of all the functions (A, —). If a variety X has adelic points but empty Brauer kernel X(Afc)^ r , 
then this explains the absence of global points x G X(k) and thus the failure of the local-global 
principle for X. For a more detailed exposition, see |Sk01| §5.2. 

However, examples exist in dimension exceeding 1, where the absence of rational points cannot 
be explained by a Brauer-Manin obstruction. The first was found by Skorobogatov |Sk99| and 
could later be explained through a Brauer-Manin obstruction on a finite etale double cover. The 
recent examples of Poonen |PoQ8] are shown to even resist being explained by the etale descent 
Brauer-Manin obstruction. 

3.2. Adelic sections. We define the space of adelic sections of TT\(X/k) as the subset 

(x/fc)(Afc) c W^^x/k)^), 

V 

with the product over all places of k, of all tuples (s v ) such that for every homomorphism 
(p : tt\X — > G with G finite the composites p o s v : Gal^ — > G are unramified for almost all v. 
A group homomorphism Gal/^ — > G is unramified if it kills the inertia subgroup C Gal^ . 

Proposition 10. The natural maps yield a commutative diagram 

X(k) <■ X(A t ). 

I I 

^7Ti (X/fc) *■ ^m{X/k)(^k)- 

Proof: For a section s of iri(X/k) and a homomorphism p : tt\X — > G with G finite, the 
composite <p o s : Gal^ — > G describes a G-torsor over k which therefore is unramified almost 
everywhere. Hence the tuple (s <S> k v ) v is an adelic section. 

Secondly, for an adelic point (x v ) G X(Af : ), the tuple of associated sections s Xv is adelic. 
Indeed, the G-torsor over X corresponding to a homomorphism ip : ix\X — > G with G finite 
extends to a G-torsor over some flat model S£ /B for a nonempty open B C Spec(Dfc) for the 
integers in k. By the adelic condition for almost all places v the point x v G X(k v ) actually 
is a point x v : Spec(o 1J ) — > 2£ . This means that <p o s Xv factors as in the following diagram 

Gal fe „ tti(X x fc ^) C ni (X) G 

\ ^ } I 
7ri(Spec(o„)) *- -k\{% x B o v ) S" 

which shows that for such v the composite (p o s Xv is unramified. □ 

Proposition 11. Let X/k be a proper geometrically connected variety. Then all tuples in 
(x/k){K) are adelic sections ofiri(X/k). 

Proof: Let (p : tx\X — > G be a homomorphism with G finite and (s v ) a tuple of local sections. 
Let v be a place with residue characteristic p \ #G, and such that the G-torsor corresponding 
to ip has good reduction over a flat proper model / B with v G B. Then the restriction of 
(p o s v to the inertia group Ij^ factors over the ramification p Sv that by Lemma [U has a pro-p 
group as its image and therefore dies in G. Hence for all such places v the corresponding tp o s v 
is unramified. □ 
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3.3. Brauer-Manin obstruction for sections. Let a E H 2 (7TiX, fi n ) be represented by the 
extension 

1 ->• ->• E a -> 7TiX ->• 1. 

The evaluation of a in a section s„ E «^ ri (x/fc)(^u) is the Brauer class s*(a) E H 2 (k v ,/j, n ) that 
is represented by the pullback via s v of the extension E a . 

Proposition 12. Let (s v ) be an adelic section of ir±(X/k). Then s*(a) vanishes for all but 
finitely many places v. 

Proof: The extension E a comes by inflation via a homomorphism ip : iriX — > G with G finite 
from a class in H 2 (G, fi n ) represented by an extension 

l—tfin—tE—tG—tl. 

The class s*(a) vanishes if and only if the composite ip o s v lifts to E. The adelic condition on 
(s v ) yields that for almost all v the map tp o s v factors over Gal K („) = Z which admits a lift to 

E because Z is a free pro-finite group. □ 
Proposition [T21 allows the following definition of a function on adelic sections. 

(a, -) : y ni ( X /k)(&k) -> Q/Z, («„) ^ ^inv„«(a)) 

Theorem 13. T/ie image of the natural map ^ m (x/k) ~~ * ^7ri(x/fe)(-^fe) ^es in £/ie Brauer kernel 
^!(X/fc)(A fc ) Br := {(a„) E ^ l( x/fe)(A fc ) ; (a, (s„)) = /or a// n E N and a E H 2 (ttiX, / u n )}. 
Proof: For a section s E ^^(x/k) an d a £ H 2 (7TiX, /i n ) we have 

(a,(s®fe»W =^inv,((s®^)*(«)) = ^ inv„ (s* (a) ® fe = (^inv„)(s*(a)) = 0, 



that vanishes by the Hasse-Brauer-Noether local global principle for Brauer groups (13. ip . □ 
The notation ^ 7ri (x/fe)(^fc) Br requests a warning that its choice comes from the analogy with 
the Brauer kernel of adelic points and that in fact a more precise notation would refer to the 
obstruction coming from H 2 with coefficients in \x n . It it is by no means clear, albeit predicted 
by the local section conjecture, that the function (a, (s v )) on adelic sections only depends on 
the image 6(a) in the Brauer group. But our choice of notation is shorter and suggestive and 
hopefully that sufficiently justifies its use. 

The Kummer sequence yields an exact sequence 

(3.2) Vic{X)/n Pic(X) ^ H 2 (X, fi n ) n Br(X) -> 

where n Br(X) is the n-torsion of Br(X). The composite H 2 (iviX, fi n ) C H 2 (X, fi n ) —> n Bi(X) 
is again denoted by b. The naturality of the Kummer sequence and H 2 (A; 

viftn) — n Br (/c^) imply 

(3.3) (b(a),(x v )) = (a,(s Xv )) 
and thus a commutative diagram. 

(3.4) X(k) - X(A fc ) Br C X(A k ). 




Proposition 14. The middle facet of diagram {3.$ is a fibre product for smooth, geometrically 
connected curves X/k. 
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Proof: It suffices to prove that X(Ak) m is empty or that the map 

&:H 2 (7Tl^n) - nBr(X) 
is surjective for every n > 1. Curves X which are not a form of are algebraic K(tt, 1) spaces 
and thus have H 2 (iriX, fi n ) = B 2 (X,[i n ) so that the second condition follows from the Kummer 
sequence (|3.2p . 

A form of Fj, with local points everywhere is isomorphic to P^. by the Hasse local-global 
principle. So the non-trivial forms X have X(Ak), = 0. It remains to discuss X = F k . But then 
the composite 

K 2 (k,fi n ) = H 2 (7nX,/i n ) C H 2 (X,/i„) ^ n Br(X) 

is an isomorphism, because ci(C(l)) kills the part of H 2 (X, /i n ) which does not come from 
H 2 (^X, Mn ). □ 

3.4. Locally constant Brauer-Manin obstructions. The group of locally constant Brauer 
classes is defined as 

B(X) := ker (Br(X) - 0Br(X x k k v )/ Br(k v ) 

V 

The evaluation of a Brauer class A E B(X) on an adelic point does not depend on the choice of 
the local components and thus gives rise to a homomorphism 

i x ■ B(X)^Q/Z, A i-> (A, (x v )) 

independent of the choice of (x v ) E X(Afc)., see |Ma71j . Let us define the group of B-classes in 
H 2 (vriX,Q/Z(l)) by 

H 2 (7riX,Q/Z(l)) := {a £ H 2 (vnX, Q/Z(l)) ; b(a) £ B(Z)}. 

The group H 2 3 (vriX,Q/Z(l)) contains the group of locally constant classes 

H 2 c (7nX,Q/Z(l)) :=ker(H 2 (7nX,Q/Z(l)) ^ J]H 2 K(X x fc Q/Z(l))/ H 2 (^„ Q/Z(l))' 

The evaluation of a class a £ H 2 c (7TiX, Q/Z(l)) on an adelic section does not depend on the 
choice of the local components and thus gives rise to a homomorphism 

j x : Hf c (ttiX, Q/Z(l)) Q/Z, a ~ (a, (s v )) 

independent of the choice of the (s v ) £ J^ 7ri (x/fc)(-^ i fc)- If -X" is a K(tt, 1) with respect to co- 
homological degree 2, more precisely if b : H 2 (7TiX, Q/Z(l)) — > Br(X) is surjective, then the 
Brauer-Manin pairings yield a commutative diagram 
(3.5) 

X(A). Hom(B(X),Q/Z) 

f f . 

y MX/k) (A k ) —~ Hom(H 2 (7nX,Q/Z(l)),Q/Z) ^ Hom(H 1 2 (7TiX, Q/Z(l)), Q/Z) 

with injective vertical maps. The image in the top row is lx, while the image in the bottom 
row is jx, regardless of the adelic point or section chosen. So if the image of the space of adelic 
sections in Hom(H 2 3 (ttiX, Q/Z(l)), Q/Z) is not constant, then the local section conjecture fails, 
which gives a method of attack to falsify the local section conjecture. On the other hand, if the 
restriction 

b: H? c (7riX,Q/Z(l)) -> B(X) 
is still surjective, in which case we say that there are enough locally constant //^-extensions, 
then the diagonal arrow is still injective. As Lx gets mapped to jx, and the latter vanishes if 
there is a global section s £ ^^x/k), under the assumption of having enough locally constant 
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/i n -extensions we would find that the existence of a global section implies the vanishing of lx ■ 
Consequently, an affirmative answer to the following question would be quite useful. 

Question 15. Does there exist enough locally constant ^-extensions for curves? 

3.5. Locally constant obstructions for curves. 

Proposition 16. Let X/k be a smooth, projective curve of genus g > 1 over a number field k, 
which admits adelic points. Then the Leray spectral sequence for X — > Spec(fc) with coefficients 
in Q/Z(l) degenerates at the F,2-level, at least for matters o/H 2 . 

Remark 17. In fact, if k has no real place, or restricted to the prime to 2 component the whole 
spectral sequence of Proposition [16] degenerates at the E2-level. 

Proof: The cohomology W{X x k /c al s, Q/Z(l)) vanishes for q > 3, and H 3 (/c, Q/Z(l)) = 0. 
Thus only the maps d^ and d 2 .' have to be examined. The first is the Brauer obstruction 
map Picx,tors(fc) — ► Br(&) restricted to the torsion subgroup, see |Sx08aj Appendix B. Hence 
its image is contained in the kernel of Br(/c) — > Br(X) which vanishes because of the local 
global principle for the Brauer group and the existence of local points which split the local maps 
Br(k v ) — > ~Bv(X x k k v ). The map d 2,0 vanishes because the composite 

(3.6) Pic(X) ® Q/Z ^ H 2 (X, Q/Z(l)) B°(k, R 2 (X x k k^, Q/Z(l))) = Q/Z 

is surjective being nothing but the degree map tensored with Q/Z. □ 
Here the map Ci comes from the Kummer sequence on X and sits in an exact seqeunce 

(3.7) -» Pic(X) ® Q/Z ^ H 2 (X, Q/Z(l)) -> Br(X) 0. 

Being a K(7r, l)-space we may replace etale cohomology by group cohomology in the result of 
Proposition [TBI Let F* H 2 (-7TiX, Q/Z(l)) be the filtration induced by the Leray (or in this case 
Hochschild-Serre) spectral sequence. We set 

F 1 H 2 (ttiX, Q/Z(l)) := F 1 H 2 faX, Q/Z(l)) D H 2 (ttiX, Q/Z(l)) . 

Let be an algebraic number field and let A/k be a commutative group scheme. In order to 
fix a notation, we remind the definition of the Tate-Shafarevich group 

HI^ife.A) :=ker(H 1 (A;,yl) -► JJ H 1 (k v , A) V 

If A is moreover divisible, e.g. for A = Pic x , we define the Selmer group for A as the group 
Rl cl (k,A) = ker^CMtonO - II Hl (^' ^tor S )/^(A(fc„) ® Q/Z)), 

v 

where ^tors is the torsion subgroup, and 5 V : A(k v ) ® Q/Z — > H 1 ^, A toIS ) is the direct limit of 
connecting homomorphisms for the multiplication by n sequence for A on X x k k v . 

Proposition 18. Let X/k be a smooth, projective curve of genus g > 1 over a number field k, 
which admits adelic points. Then the inclusion in H 1 (/c, Picx.tors) defines an isomorphism 

HLi(fc,Pi4) =F 1 H 2 (7TiX,Q/Z(l))/H 2 (&,Q/Z(l)). 

Proof: The kernel P of the map deg ®Q/Z : Pic(X) <g> Q/Z -> Q/Z sits in a short exact 
sequence 

-> Pic^(/c) ®Q/Z -> P -► Z/period(X)Z 
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From (13. 6p . (|3.7|) and using Tsen's theorem we deduce from 



Pic° x (k) tg> Q/Z *~ H^ cl (fc,Pic^) LQ^fe, Pic^) 

\ P I 

P F 1 H|(^ 1 X,Q/Z(1))/H 2 (A:,Q/Z(1)) - Ill^Picx) - 

via the snake lemma an exact sequence 

-> Z/periodpOZ ^ Z/period(X)Z coker(i) -► 0. 

This proves the claim. □ 
As a consequence of Proposition [THJ we obtain the following variant of diagram (|3.5I) 

(3.8) X(A). Hom(B(X)/Br(fc),Q/Z) 

f f 

^Wfc)( A fe) " Hom(H^ el (A;,Pic^),Q/Z) 

where the vertical maps are still injective, and the top horizontal arrow is constant with value 
the induced map by ix- 

Following Sa'idi and Tamagawa we call a local section s v good if the composite 

Pic^(fe t ,)0Q/Z^H 2 KX x fc ^,Q/Z(l)) ^>H 2 (A;„,Q/Z(1)) 

vanishes. The subset &%x(X/k) ( Afe ) °^ ^ e a< ^ enc sections such that all local components are good 
in the sense above receives the adelic sections corresponding to adelic points. Moreover, all good 
adelic section induce the same homomorphism H Sel (fe, Pic^) — ► Q/Z as their locally constant 
Brauer obstruction, which therefore equals 



i x 



: H£ ol (A;,Pi4)^E(X)/Br(A;)-><Q>/Z. 



We conclude that if the adelic section associated to a section s of ni(X/k) is good, then ix 
vanishes by Theorem[13l The prime to p-part of a local section is good if the residue characteristic 
is p. The goodness of the p-part however remains largely a mystery. 

Remark 19. The natural map describes an inclusion 

H 2 c (vr 1 X,Q/Z(l))/H 2 (A ; ,Q/Z(l)) C H£ cl (fc,Pic&) 

which, when analysed carefully, makes a positive answer to Question [15] very unlikely. 

4. Conditional results 

4.1. The assumptions. In Section [H and in this section only, we work under the following 

hypotheses when neccessary. 

(BM) The Brauer-Manin obstruction is the only obstruction that prevents the existence of ra- 
tional points on smooth, projective geometrically connected curves over algebraic number 
fields. 

(Tin) The Tate-Shafarevic group JJI 1 (k,Pic x ) of the jacobian Pic x of a smooth projective 

curve X over a number field k is finite. 
(LSC) The local section conjecture holds true, i.e., the section conjecture for a base field that 

is finite over some O n . 
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The credibility of the above assumptions varies. Only recently, several authors contributed 
evidence for (BM), see |Sch98| . [F04] . [Poll] . |PV07| and [Stu7] . For surfaces and beyond (BM) 
was expected to fail a long time ago, and an example was finally provided by Skorobogatov, 
see |Sk99j and |Po08j . The assumption (Till) belongs to main stream mathematics for quite 
some time and enters for example in the Birch and Swinnerton-Dyer conjecture or even more 
intrinsically in deeper conjecture about motives. The last assumption (LSC) is of course a 
necessity in light of any progress for the section conjecture over number fields which progresses 
along the avenue of the interaction between local and global in number theory. As weak evidence 
towards (LSC) we might regard the recent works |Ko05| . |P07| and |Sx08aj . 



4.2. 0-cycles instead of rational points. The Brauer-Manin obstruction against rational 
points can be extended to an obstruction against /c-rational 0-cycles. 




4.2.1. Cassels-Tate pairing and locally constant obstructions. Let X/k be a smooth, projective 
geometrically connected curve. The Leray spectral sequence for X — > Spec(/c) yields an exact 
sequence 

Br(fc) -> B(X) UI 1 (k,Pic x ) -> 0. 

Lemma 20. Let X/k be a smooth projective geometrically connected curve with adelic points 
and let X W = Alb x be the map into its universal torsor under an abelian variety. There is 
a commutative diagram 

B(X) ^in^fc.Picx)-* m 1 (fc l Pic5f) 

W]-)CT 

where (\W] } — )ct is the Cassels-Tate pairing 

UI 1 (k, Albx) x m 1 (jfe I Pic^-) -> Q/Z 
evaluated at the class [W] G UI 1 (/c, Albx)- 

Proof: This can be found for example in |Ma71j Theorem 6, Proposition 8c, |Mi82j Lemma 
2.11, or [SkOl] Theorem 6.2.3. □ 

Because the Cassels-Tate pairing is non-degenerate modulo the subgroup of divisible elements 
we get the following easy corollary, see D. Eriksson and V. Scharaschkin |ESQ6j Thm 1.2, who 
were the first to state that locally constant classes in the Brauer group suffice to detect the 
absence of 0-cycles of degree 1 on curves over number fields with finite Tate-Shafarevich groups. 

Corollary 21 (Eriksson-Scharaschkin |ES06| ). Under the assumptions of Lemma f^TJl if (TBI) 
holds for Pic x , then the following are equivalent. 

(a) l x = 0, 

(b) Alb^ has a rational point, 

(c) period(X) = I, 

(d) index(X) = 1. 

Proof: If X has an adelic point, then the kernel of Br(fc) — > Br(A) is trivial but surjects onto 
period(X)Z/ index(X)Z by the degree map. Hence (c) is equivalent to (d). By definition (c) is 
equivalent to (b) which under the assumtption (TLTI) is equivalent to the triviality of the map 
([W], — )cTj hence equivalent to ix = by Lemma l20l □ 
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4.2.2. Locally constant obstructions assuming finiteness of Ml. 

Theorem 22. Let X/k be a smooth, projective geometrically connected curve of genus at least 
1 with adelic points and such that 7r\(X/k) splits. Under the assumption (LCS) that the local 
section conjecture is true for X/k and (Till) that the Tate-Shafarevich group for Pic x is finite, 
we find that X has index 1, i.e., there is a rational 0-cycle of degree 1 on X . 

Proof: Under the assumption of the local section conjecture, in diagram (|3.5j) the left vertical 
map is a bijection, showing that the image of ix in Hom(H^(-7riX, Q/Z(l)), Q/Z) equals the 
image of the adelic section (s (8) k v ) coming from the global section s G ^-ntx/k)- Hence i x 
vanishes by Theorem [T3l By Corollary [21] we may deduce that X has index 1 . □ 

4.3. A fibre square and a local-global principle. 

Proposition 23. Under the assumption (LSC) that the local section conjecture holds for smooth, 
projective curves over finite extensions of <Q p of genus at least 2 and all p, then the natural map 

is a bijection for a smooth, projective geometrically connected curve X/k of genus at least 2 over 
an algebraic number field k. 

Proof: The assumption of the local section conjecture and the validity of the real section 
conjecture, see |Sx08a| Appendix A, yield a bijection X(Ak)» — > S fi 1T1 ^x/k){^k)- The result then 
immediately follows from Proposition Q31 □ 

Proposition 24. Let X be smooth, projective, geometrically connected curve over the number 
field k. Under the assumption (BM) that the Brauer-Manin obstruction is the only obstruction 
that prevents the existence of rational points on smooth, projective geometrically connected curves 
over algebraic number fields, the left facet of diagram \3.J$ 

(4.1) X(k) 

I 

■^71-1 (X/fc) 

is a fibre product square. 

Proof: The vertical maps are injective by the known injectivity part of the global and the 
local section conjecture. 

It suffices to show that a section s of -K\{X/k) that locally comes from an adelic point (x v ) 
forces the existence of a rational point x G X(k). Indeed, we may look at neighbourhoods 
h : X' — > X of s with a lift t G ^ri(X'/fe) °f s - Because of s (g> k v = s Xv the lift t determines 
a unique lift of the adelic point (x v ) to an adelic point of X 1 that moreover is in A'(Afc)^ r by 
Theorem [13] and Proposition [T31 

It follows that the existence of rational points on X' is not Brauer-Manin obstructed whereby 
we find a rational point x' G X'(k) by assumption. The usual limit argument in the tower of 
all neighbourhoods shows that the sections s h ^ x i^ converge to s and that the limit of the h(x') 
becomes a rational point x G X(k) with s x = s, see |Sx08a| Appendix C. □ 

The following logical dependence between different conjectures has been independently ob- 
served by O. Wittenberg. 

Theorem 25. If the local section conjecture (LSC) holds true for smooth, projective curves over 
finite extensions ofQ p of genus at least 2 and allp, and (BM) if the Brauer-Manin obstruction is 
the only obstruction that prevents the existence of rational points over algebraic number fields on 
smooth, projective curves, then the prediction of the section conjecture holds true: for a smooth, 



■^7ri(X/fe)(^fc) 
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projective geometrically connected curve X/k of genus at least 2 over an algebraic number field 
k the natural map 

x(k) — > y^x/k) 

is a bisection. 

Proof: This is an immediate consequence of Proposition [23] and Proposition [24] □ 
For a discussion of the finite descent obstruction, the close cousin of the Brauer-Manin ob- 
struction, on adelic points instead of sections and an analogue of Theorem [25] we refer to the 
work of M. Stoll [StM] §9. 

5. Application: the Reichardt-Lind curve 

5.1. Geometry and arithmetic of the Reichardt— Lind curve. For the convenience of the 
reader we recall the geometry and arithmetic of the Reichardt-Lind curve. For an elementary 
exposition on the Reichardt-Lind curve we may refer to |AL| . The affine Reichardt-Lind 

curve U is the affine curve in Aq given by the equation 

(5.1) 2Y 2 = Z 4 - 17, Y + 0. 

The projective Reichardt-Lind curve X is the projective curve over Q given by the homo- 
geneous equations in Pq 

2T 2 = A 2 - 17 B 2 
^ AB = C 2 
The map 

(y, z) h-> [a : b : c : t] = [z 2 : 1 : z : y] 
identifies U with the open subset of X defined by TB ^ 0. The curve X has a model 

= Proj (z[^-][A,B,C,T]/(2T 2 = A 2 - 17B 2 , AB = C 2 ) 



L 34 J 

that is smooth, projective with geometrically connected fibres above SpecZ^] as can be checked 
via the jacobian criterion: the matrix 

2A -MB -AT 
B A -2C 

has full rank everywhere on X . We have Qx = 0(— 4 + 2 + 2)\x = Ox by the adjunction, so 
that X is a smooth, projective curve of genus 1 over Q with good reduction outside {2, 17}. The 
divisor & C SC given by the reduced locus of TB = is isomorphic to 

9 = Spec(Z[^, #V?\) H Spec(Z[^, y/2\) 

and is relative effective and etale over Spec(Z[^]) of degree 6. The complement % = X — 
is a flat model of U over Spec(Z[^]) as a hyperbolic curve of type (1,6). We have 

% = Spec ^Z[j^\[Y ±1 ,Z}/(2Y 2 = 

and % is precisely the locus where Y € 0>% is invertible as a rational function on X . The 
divisor div(F) equals P-2-Q with P ^ Spec(Z[^, ^YI]) and Q ^ Spec(Z[^, ^2}). 

The projective Reichardt-Lind curve X is a principal homogeneous space under its Jacobian 
E = Pic 1 ^. The equation for E/Q can be found in |McR75j p. 278, namely E is given by the 
affine equation 

Y 2 = X(X 2 + 17) 

The elliptic curve E/Q is encoded by 18496A;1 with coefficient vector [0,0,0, 17,0] on Cremona's 
list, see [Crej, and has conductor N = 18496 = 2 6 • 17 2 , E(Q) = Z/2Z, analytic rank 0, hence 
finite III 1 (Q, E) of analytic order 4. 
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The significance of the Reichardt-Lind curve X lies in the fact that its class in H 1 (Q,£^) 
belongs to the group III 1 (Q, E) of E'-torsors that are locally trivial at every place of Q. This 
is clear outside 2, 17 and oo by good reduction, at oo it is obvious, at 17 we have Q G X(Q± 7 ), 
and at 2 we have P G X(<Q>2). That X G U1 1 (Q,E) represents a non-trivial class means that 
X(Q) = and is recalled in Section 15.21 As such, the curve X violates the Hasse local-global 
principle and was discovered in 1940 by Lind |Li40j . and independently in 1942 by Reichardt 
|Re42j . 

5.2. Review of the classical proof for absence of rational points. 

5.2.1. Via Gaufl reciprocity. A solution in Q of 2Y 2 = Z 4 — 17 leads after clearing denominators 
to the equation 2y 2 = z 4 — Ylz\ with integers Zo,z±,y and zo,z\ coprime. Then 17 \y and thus 

for each odd prime p \ y we find that 17 is a square modulo p, hence \tj) = ( ) =1- As also 



n ) ~ \ p 

= 1 and (^jf^J = 1, we find that y is a square modulo 17. But then 2 must be a 4 th power 
modulo 17, which it is not by 2 4 = — 1 mod 17, contradiction. 

5.2.2. Via a Brauer-Manin obstruction. The absence of global rational points on X can also 
be explained by a Brauer-Manin obstruction. The Kummer sequence with multiplication by 2 
yields a map 

and we use the cup-product = xy U Xn £ H 2 (^, fxf 2 )- The localization sequence together 
with the Gysin isomorphism yields an exact sequence 

H 2 (JT,^f ) -> H 2 (^,/,f ) ^ H^na). 

The residue res(a?/) can be computed with the help of excision or via the tame symbol of Milnor 
K-theory. Near P = Spec(Z[^, \/Vf\) the character xn vanishes as 17 becomes a square, and 
near Q ^ Spec(Z[^, y/2]) the function Y becomes a square and so xy vanishes. It follows that 
a<% lifts to an element a G H 2 (^",/i2), where we have identified [if 2 with /i2- 

We will compute the function (A, — ) on adelic points A"(Aq). for the image A of a under 
H 2 (^f,/i2) — > Br(^T). Let (x v ) G X(Aq), be an adelic point. Outside 2,17 and oo the class 
A has good reduction and thus A(x v ) belongs to Br(o„) = 0. At 2 and oo we find that 17 is a 
square and because by continuity of mv v (A(x v )) we may assume that actually x v G U(Q V ) we 
find for v = 2, oo that 

wv v (A(x v )) = inv v (z*(a)) = inv v (x* v (xY U xn)) = 0. 
It remains to compute (A, (x v )) = invi7(A(a;i7)) where A(xn) is the quaternion algebra (y, 17) = 
(017) w ^ n U = ^(^17) • We set E = Qi7(v / 17) and F = Qi7(\/l7). The norm residue property 
states that under the identification 

iz/Z = Gal(F/Q 17 ) = Q* 17 /N F/Qir (F*). 

we find invi 7 ((y, 17)) = y mod Np/Q 17 [F*) . The field extension E/Qn is abelian and totally 
ramified of degree 4. Multipliction by 2 therefore induces a map 

q* 17 /n f/Qi7 {f*) ^q* 17 /N E/Ql7 {E*) 

that by local class field theory is a map fj,2 — ► /i4 with image the squares in /i4, hence it is 
injective. As y satisfies 2y 2 = z 4 — 17 for z = Z(xyi) we see that 2y 2 is a norm from E. We 
conclude that the image of invi7((y, 17)) in Q[ 7 /N e /q 17 (E*) is given by the class of 1/2 which 
is nontrivial because 2 is not a 4 th power in F^ 7 and by local class field theory 

N e/Qi7 (E*) = (-17) • {e G O17 ; e is a 4 th power modulo 17}. 
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It is the argument of Section 15.2.21 that we will apply below to adelic sections in order to find a 
Brauer-Manin obstruction for sections of the affine Reichardt-Lind curve. 

5.3. The ^-extension. Let mffi-g) (resp. 7Ti(J^)) be the fundamental group of the geometric 
generic fibre of — > S (resp. X — > S) with the base S = SpecZ[<j-j]. The kernel of the 
quotient map tt\ -» 7r 2 to the maximal pro-2 quotients are characteristic and thus yield short 
exact sequences 

(5.2) 1^7rf(%)^7rJ 2) (^)^7ri(5,s)^l 

(5.3) 1 vr 2 (%) -» 7T? } (^) m(S,a) -> 1. 

with the geometrically pro-2 fundamental groups 7rj (^) (resp. 7rj (JT)). Because the base 5 
and the geometric fibres are K(tt, 1) for the prime 2 and because there is a natural comparison 
morphism between the Hochschild-Serre spectral sequence for (|5.2I) (resp. (15. 3p ) and the Leray 
spectral sequence for the projection to S, we find the following proposition. 

Proposition 26. Let M be a locally constant etale sheaf on % (resp. X ) with fibre a finite 
abelian 2-group. Then the natural maps 

W{nf ] { a tt),M) ^W{W,M) 

H 9 ( 7 rf ) ( i r),M) -> R q (X,M) 
are isomorphisms for all q £ N. □ 

It follows that the class a £ H 2 (iir,/i 2 ) of Section 15.2.21 already lives in H 2 (tt^ 3£ , // 2 ) and 
restricts/inflatestoa?/ = XY^Xn G H 2 (vrf /if 2 ) withxy,Xi7 G H 1 (7rf // 2 ) = H 1 ^,/^) 
and the identification /i 2 = A*f 2 - 

5.4. Sections for the Reichardt Lind curve. 

Theorem 27. The fundamental group extension 7Ti(£//Q) /or £/ie affine Reichardt-Lind curve 
U/Q does not split. In particular, the section conjecture holds trivially for U/Q as there are 
neither rational points nor sections. 

More precisely, the geometrically pro-2 extension n\ (X/Q) of the projective Reichardt-Lind 
curve X/Q does not admit a section s that allows locally at p = 2 and p = 17 a lifting s p 

Gal Qp 

K?\U) — vf\x). 

Note that the method of |HS08| does not apply to the Reichardt-Lind curve because its 
jacobian E has rank 0, see the end of Section I5TT1 

(2) 

Proof: We argue by contradiction. Let s be a section of 7q (X/Q) that allows local lifts s p 
at p = 2 and p = 17. We will compute the Brauer-Manin obstruction (a, (s (g> Q v )). 

(2) 1 

The section s descends to a section a : tti(S) — > tt\_ (X) with S = SpecZ^] as above by 
Section l2T2~2l It follows that (s <g> Q v )*a is the image of o~*(a) under the map 

H 2 ( 7 ri5',/i 2 ) C R 2 (S,fi 2 ) - H 2 (Q„/i 2 ) = 2 Br(Q,) 

and thus vanishes for v ^ 2, 17, oo. It remains to compute the contribution to (a, (s <S> Q v ) v ) at 
the places v = 2, 17 and oo. 

When restriting to R = Q v for v = oo we know from the real section conjecture, see |Sx08a| 
Appendix A, that s®M belongs to a real point x £ X(M), that we moreover can move freely in its 
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(2) 

connected component, so that it is in E/(R). The section s(S>IR thus lifts to a Sqo : Gal^ — ► ir\ (U). 
We conclude that for v = 2, 17 and oo 

(s ® Q„)*(a) = s£(ac/) = sJ;(xy U %i 7 ) = s* v (xy) U s*(xi 7 ) = Xr(s„) U Xi7 



*\2 



which is the class of the quaternion algebra (y v ,17) G Br(Q v ) with y v = Y(s v ) G 
Because 17 is a square at 2 and oo, the local contribution at v = 2 and at v = oo vanishes. 

As A 4 — 17 is a norm for the projection U Xq Q(v / 17) — ► C/ and equal to the unit 2Y 2 we 
find by Section l2~4~2l that 2y 2 7 is a norm from Qi 7 (\^17). At first the equation 

holds only in Qi 7 /(Qi 7 ) 2 - But with a suitable choice of representative y for yyj G Qi 7 /(Qi 7 ) 2 
we find that 2y 2 is a norm from Qi 7 (v / 17) already in Q\ 7 . We conclude as at the end of Section 
15.2.21 that y is not a norm from Qi 7 (VT7) and thus invi 7 ((y, 17)) = \ is nontrivial, so that also 

(a,(8®Q„)) = ^)mv w (a®Q w )*(o) = inv 17 ((y, 17)) = - ^0 

V 

which contradicts Theorem [13j □ 

5.5. Arithmetic twists of the Reichardt Lind curve. In this section we study an arith- 
metically twisted version of the Reichardt-Lind curve. Let k be an algebraic number field and 
let X be the smooth projective curve over k defined by the homogeneous equations 

£T 2 = A 2 - P B 2 
AB = C 2 



(5.4) 



with £,p G k*. The curve X has good reduction for places v \ 2£p. Let U C X be the complement 
of the support D = P II Q of div(T/B), with P ^ Spec(fc[t]/t 4 - p) and Q = Spec(k[t]/t 2 - £). 
The Brauer class oljj = Xt/b^Xp £ H 2 ([7, H2) lifts to a class a G H 2 (X, ^2) because its residues 
at P and Q vanish as T/B (resp. p) becomes a square near Q (resp. P). 

For the computation of the Brauer-Manin obstruction with respect to a along the lines of 
Section E3] we impose the following list of conditions. 

(i) p is positive with respect to any real place of k. 

(ii) for all v \ 2ip with y/p g" k v we have [14 C k v and 

A^ = #{v I 2£p ; y/p $l k v and I not a norm from k v (yVp)/k v } 

is odd. 

We furthermore need lifts s v : Galk v — > 74 (C/) locally at places u | 2^p, but then the conditions 
(i) & (ii) enforce (a, (s v )) = N/2 = 1/2 regardless of the choice of the adelic section (s v ). The 
curve X has local points for all places v of k if 

(iii) for all v \ 2ip we have \fi G k v or tfp G /c„ . 

because then P or Q split locally for u | 2lp. The places of good reduction (resp. the infinite 
places) have local points anyway (resp. by (i)). 

In order to get a simpler list of conditions we specialize now to the case where p is a prime 
element of that is coprime with 2£. Moreover, we choose in (ii) for all places v 7^ p that 
yfp G k v . It follows that the local quadratic norm residue symbol (£,p) v vanishes for all places 
v but possibly v = p, hence also at v = p by reciprocity and thus \]~£ G k v for v = p. Using local 
class field theory to determine the norm group of k v (yYp)/k v for v = p, it is thus enough to ask 

(i') p is a prime element coprime to 2£ and positive with respect to any real place of k. 
(ii') for v = p we have \i± C k v and £ is not congruent to a 4 th power modulo p. 
(iii') for all v \ 2£ we have y/p G k v and a local solution in k v , e.g., by requiring ^fp G k v . 
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We further simplify to k = Q and set £ = e YYl=l 9* as a product of n > 1 positive distinct prime 
numbers ft and a sign e = ±1. Moreover we achieve condition (hi') for v \ 2 by asking y/p G fc„ 
but fi4 (£_ k v . Hence we need to satisfy the conditions 

(i") p > is an odd prime number different from the prime factors ft of £. 
(ii") p = 1 mod 4 and £ is not congruent to a 4 th power modulo p. 
(hi") p is a square modulo ft for all i = 1, . . . , n, and ft = 3 mod 4 for ft odd. 
(iv") p = 1 mod 8 and we have a local solution in Q2, e.g., by requiring p = 1 mod 16. 

Let £ be even (but not divisible by 4). The number field F = Q(v^, y/qi, ■ ■ ■ ix/ftTj/^s) is of 
degree 2 over E = Q(y / ft, . . . , y/q^, fJ^)- Conditions (i") - (hi") on p translates to the condition 
that p is unramified in F/Q and the Frobenius Frob p of a place p\p for the extension F/Q 
generates the central group Gal(F/E). The solution in Q2 is now automatic as follows. We 
write the afflne version of equation (|5.4p as Z 4 = p + £Y 2 , and p + £Y 2 must be = 1 mod 16 in 
order to allow a 4 th root in Q2- If p = 1 mod 16 we put Y = 0, if p = 9 mod 16 we put Y = 2, 
and we are done. Using the Chebotarev density theorem and y/2 = (1 + i)/Cs we find that a set 
of density -^t+°i of all prime numbers yield valid choices for p when i is even and squarefree and 
all odd prime factors of £ are = 3 mod 4. 

In case £ is odd, we have to replace F/E by Q(v / ^, y/qi, ■ ■ ■ , y/Qn, Hi6)/Q(y/Qi, ■ ■ ■ , y/Qn, ^16 ) 
with the same translation of the conditions on p to the Frobenius Frobp for a place p\p. In this 
case, the Chebotarev density theorem yields a set of density of all prime numbers as valid 
choices for p when I is odd and squarefree and all prime factors of I are = 3 mod 4. Concrete 
examples are given as follows. 

(1) i = 2 and p = 17, the Reichardt-Lind curve, or p = 41 or p = 97, 

(2) £ = 6 and p = 73, 

(3) I = 11 and p = 97, 

(4) £ = 19 and p = 17. 

All these arithmetic twists yield more empty examples for the section conjecture where the 
existence of sections is Brauer-Manin obstructed. In particular, there are infinitely many of 
these examples. 

5.6. An isotrivial family of examples. In the introduction of jPoOlj Poonen reports an 
example constructed by Elkies. The smooth fibres of the isotrivial family X t with t E P 1 of 
arithmetic twists of the Reichardt-Lind curve, given in affine form by the equation 

2Y 2 = Z A -N(t), iV(t) = (l+ 1 + t 2 +t2 ) +16, 

yield for each t G Q U {00} a counterexample to the Hasse principle as explained below. Note 
that for t = 00 the fibre Xoo coincides with the original Reichardt-Lind curve. 

5.6.1. Local points. The key property of N(t) is that it takes only odd values at rational t. After 
rescaling we may replace = N(t) by a quartic free integer Ao = M 4 • N(t) which equals 
Ao = A 4 + 16-B 4 with A, B odd and coprime integers. Clearly we have M-points as Ao > and 
also Qp-points for p\ 2Ao, the primes of good reduction of X t . 

For local points at p = 2 we note that Ao = 1 mod 16, and thus Ao is a 4 th power in Q2, 
which leads to a Q2-point with Y = 0. For an odd prime p \ Nq we find that —1 is a 4 th power 
in F p , hence p = 1 mod 8, and so 2 is a square in F p . It follows that there is y G 7L p such that 
Ao + 2y 2 is a 4 th power modulo p and thus also a 4 th power in Q p which yields a Q p -point. 

5.6.2. The absence of sections. Let Ut be the open subscheme of X t given by 

2Y 2 = z 4 -N(t), y/o. 

Proposition 28. The fundamental group extension 7ri(Z7f/Q) for the arithmetic twist Ut with 
t G Q of the affine Reichardt-Lind curve does not allow a section. 
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Proof: We rescale as above and replace N by iVo = A + IQB 4 with A, B odd and coprime. The 
Brauer-Manin obstruction for an adelic section (s p ) with respect to the Brauer class a = Xy^Xn q 
can have a nontrivial local contribution 

inv p (s*(a)) = mv p ((Y(s p ), N )) 

at most at places p \ Nq. Then p = 1 mod 8 and Q p contains p,±. Hence Q p (\/T%) either equals 
Q p and then mv p (s*(a)) = 0, or Q p (\fNo) is an abelian cyclic extension of Q p of degree 4. Local 
class field theory shows, as in Section 15.2.21 that multiplication by 2 induces an injective map 

H2 = q;/n Qp(v ^ )/Qp (® p (Vn~oT) - q;/n Qp( 4^ )/Qp (q p (^vo)*) = M4. 

As 2Y(s p ) 2 is a norm from Q p (\^No), we conclude that inv p (s*(a!)) is nontrivial, namely Y(s p ) 
is not a norm form Q p (\^No), if and only if 2 is not a norm from Q p (v / ^o)- If the exponent 
v p (N(j) of p in Ao is even, then 2 is not a norm from Q p (v / Ao) if and only if 2 is not a square 
in F p , but which it always is due to p = 1 mod 8. 

If the exponent v p (Nq) of p in Ao is odd, then 2 is not a norm from Q p (\/T%) if and only if 
2 is not a 4 th power in F p , hence for such primes p we find 

inv P 0*(a)) = Q 

under the identification \TLj7L = ^(Fp), and where ^-^ is the quartic residue map 

(") 4 = ^(F P ), ,»(i) 4 = ^. 
The Brauer-Manin pairing thus evaluates as 

(a, (s p )) = #{p I N ; v p (N ) odd, and (^j = -1} ■ i € Q/Z. 

Let p be a prime dividing iVo, hence of the form p = a 2 + 166 2 with a odd. Let ( p be a p* ?i root 
of unity. The subfield k of Q(Cp) of degree 4 over Q is uniquely determined by being cyclic of 
degree 4 over Q with ramification only above p. Using |JLY02j Thm 2.2.5, we can determine 
k = Q(A) with A 2 = ^(46 + y/p). The decomposition behaviour above (2) is given on the one 
hand by the Probenius element 

-) G /m(F p ) = Gal(fe/Q), 
V J 4 

and on the other hand explicitly as follows. The prime (2) is completely split in k if and only if 
^fpiAb + y/p) is a square in Q2 , or equivalently 

y/p{4b + sjp) = 1 mod 8 

with respect to a choice of ^fp G Q2. As p = 1 mod 8, the latter is equivalent to b being even. 

We resort to arithmetic of to prove that any way of writing A"o as (A 2 ) 2 + 16(-B 2 ) 2 comes 
from writing its prime factors, which are all congruent to 1 modulo 8, in the form p = a 2 + 166 2 
for suitable a,b £ Z, and then making inductively use of the identity 

(5.5) (a 2 + 166 2 ) • (c 2 + 16d 2 ) = (ac - 166d) 2 + 16 (ad + be) 2 . 

In our application of (|5.5I) the integers a, c are always odd. Thus the parity of the second 
component ad + bc = b + d mod 2 is additive. We conclude that modulo 2 

#{p I A ; v p (N ) odd, and (-) = -1} = tr p (JV ) = B 2 = 1, 

if)— 1 
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and thus (a, (s p )} / 0. Hence iri(Ut/Q) does not admit sections due to the Brauer-Manin 
obstruction coming from a. □ 

6. Beyond sections of the abelianized fundamental group 

The known obstructions against sections use for example period and index in the p-adic local 
case or the Brauer-Manin obstruction in Section [3] and Section [5] The Brauer-Manin obstruction 
extends to 0-cycles. As an obstruction against 0-cycles of degree 1 it only depends on abelian 
information that takes place on the generalized semiabehan Albanese torsor U — > SAlb^ fc of 
the curve U/k. On curves of genus > 2, however, the Brauer-Manin obstruction depends on 
information beyond the abelian level, as there are examples of curves of index 1 with adelic 
points but no global point, see |Sk01| p. 128 on an example of |LMB84j . 

Nevertheless, as the Reichardt-Lind curve has genus 1, the natural question arises, whether 
the above method actually prove that the geometrically abelianized fundamental group exten- 
sion 7rf b (U/k) = 7Ti (SAlbjj t k /k) denies having sections under the circumstances that prove the 
nonexistence of sections for the full extension iri(U/k). We will discuss this issue first for the 
above proof in the case of the Reichardt-Lind curve and then give an example for the local 
p-adic obstruction on a curve of genus 2. 

6.1. Abelian is enough for the Reichardt Lind curve. We keep the notation from the 
preceding Section [5] Let 7r[ ab,2 ^(i7/Q) be the maximal geometrically abelian pro-2 quotient of 
7Q(77/Q). 

Lemma 29. (1) Inflation induces an isomorphism H 1 (7r| ab ' 2 ^([7), ^2) — ► (£/),/i 2 ). 

(2) The class ajj = \Y U Xn lift s uniquely to a class aff = xy U Xn> where xy o,nd xn ore 
the corresponding classes under the isomorphism from (1). 

Proof: The Hochschild-Serre spectral sequence ab Efor ir[ ah ' 2) (U) -» Gal Q maps via inflation 

to the corresponding spectral sequence E for TT^\U) -► Gal Q . The map ab — ► E^'^ is an 
isomorphism for q = 0, 1 which implies (1) and thus (2). □ 
For the argument of the proof of Theorem [27] to work with local lifts to the abelianized 
fundamental group extension 7rj ab ' 2 ^(C/ Xq Q v /Qv) for v = 2, 17 we would need that the lift a 
of ajj maps to cuff under 

H 2 (7ri 2) (X), M2 ) - H 2 (7ri ab ' 2) (C/),/i 2 ) - H 2 (^ 2) ([7), 

Let F* H* denote the filtration on the cohomology groups coming from the Hochschild-Serre 
spectral sequences with respect to the projection to GalQ. The proof of Lemma [29] shows that 

F 1 H 2 (7r| ab,2 ' ) (t r ), H2) — ► F 1 H 2 (7rj 2 ^ (U), 1^2) is an isomorphism. The classes ajj and die under 
the projection to gr F H 2 due to the constant factor xn an d thus lie in the respective F 1 ^. 

Lemma 30. The natural map grp H 2 (7rj; 2 ' ) (X), ^2) — > Z t y H 2 (7r[ ab ' 2 ^ ([/"), ^2) is injective. 

Proof: The map injects into the map H 2 (vr 2 (X x Q Q al s), fj, 2 ) -> H 2 (7r ab ' 2 (C/ x Q Q al s), /x 2 ) which 
is split injective because the surjection 

7T^\U X Q Q^) ^7T 2 (X X Q Q al S) 

admits a section. □ 
As a consequence of Lemma 1301 we deduce that a lift a that is suitable for a version with only 
abelian local lifts s v at v = 2, 17 has to lie in F 1 H 2 (7r^(A"), /x 2 ). 

Proposition 31. The class af G H 2 (vrS ab ' 2) (C7), fi 2 ) admits a lift a to H 2 (vr[ 2) (X), fi 2 )- 
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Proof: Let X (resp. U) denote the base change to the algebraic closure of X (resp. U). As 
F 2 H 2 (7rf ) (X),/i 2 ) equals F 2 R 2 (7r[ ab ' 2) (U), fi 2 ) we have to study the map 

griK^iX),^) - gri H 2 (7ri ab ' 2) (C/)^2) 

which agrees with 

H 1 (Q, H 1 ^, M2 )) - H 1 (Q, H 1 ^, M2 )) 

by the following lemma. 

3 3 

Lemma 32. The maps E 2 ' — > E M /or roe Hochschild-Serre spectral sequence for the maps 
tt^\x) — > GalQ (resp. o/ 7r^ ab,2 ^([//Q) — ► GalqJ are injective. 

Proof: By Tate's theorem we have E^' = H 3 (Q,/i 2 ) = H 3 (M, /i 2 ), so that we can compute 

3 ^ 

the injectivity of the map E 2 ' — > E^ by first base changing to R. There our curve has a point, 
which yields a retraction of the edge map showing it to be injective. □ 
We continue with the proof of Proposition [3U Recall that D = X — U is the boundary 
divisor, and that canonically //® 2 = // 2 . The image of aff in H 1 (Q, H 1 (L r , ^2)) is the image of 
X17 under H 1 (Q,// 2 <g> — ) applied to the map Z/2Z — > H 1 (?7,// 2 ) given by 1 1— ► For deciding 
the existence of a preimage we use the exact sequence 

-> H^Z^f) -> H^U, /if 2 ) ^ /i 2 [-D(Q alg )] E =° 

that maps res(xy) to the sum of the conjugates of P — 2Q, hence modulo 2 just the conjugates 
of P. In the resulting cohomology sequence 

H 1 (Q,H 1 (X, A if )) - H^Q.H 1 ^,^ 2 )) ^> H 1 (Q, / , 2 [ J D(Q al s)]^°) 

the image of afj in the right group is the image of xvj under the map 

H 1 (Q,/, 2 )^H 1 (Q,/, 2 [ J D(Q al s)]^°) 

induced by 1 1— ► res(xy). The short exact sequence 

- MW g )] E "° - M2[£»(Q alg )] ^ M2 - 

yields a cohomology sequence 

- M2 ^ H 1 (Q,/i 2 [ J D(Q al s)]S=o ) ^ Q(^T7)7(Q(^i7)*) 2 x Q(v / 2)7(Q(v / 2)*) 2 - 

The image of 17 = \n £ Q*/(Q*) 2 = H 1 (Q, ^ 2 ) in the right group by the map induced from 
1 1 — y res(xy) vanishes, so that the image of afj lies in the image of 8. Restricting to Q(\/l7) 
decomposes D into three divisors of degree 2, hence the map 5 remains injective, although xn 
dies, the conclusion of which is, that the image of xn an d thus a$ in H 1 (Q,^ 2 [D(Q al s)]E=0) 
must vanish. □ 

Corollary 33. The abelianized fundamental group extension 7rf h (U /Q) for the affine Reichardt- 
Lind curve U/Q does not split. 

(2) 

More precisely, the geometrically pro-2 extension n\ (X/Q) of the projective Reichardt-Lind 
curve X/Q does not admit a section s that allows a lifting s p 
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7r (ab,2) (f/) v [2) {x) 

locally at p = 2 and p = 17. 
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In view of a recent result of Esnault and Wittenberg |EW09| . that an abelian birational section 
implies a divisor of degree 1, our Corollary [33] is merely an explicit form showing 'how birational' 
the section must be assumed to be. Indeed, the projective Reichardt-Lind curve is a nontrivial 
torsor under its jacobian and thus has index different from 1. Therefore X/Q does not allow a 
birational abelian section by |EW09j Theorem 2.1. Note that the latter is conditional on the 
finiteness of III 1 (Q, Pic^) which is known for the Reichardt-Lind curve. 

We close the discussion of the Reichardt-Lind curve with the following natural question. 

Question 34. Does the extension tti(X/Q) for the projective Reichardt-Lind curve X split? 

6.2. An example in genus 2. The idea is to exploit the annoying factor 2 from Lichtenbaum's 
congruences for period and index of a smooth projective curve over a p-adic field which shows 
up in the main result of [S x08aj Theorem 16. 

Theorem 35. Let k be a finite extension of Q p , and let X/k be a smooth projective curve of 
genus at least 1. 

(1) Ifnf b (X/k) splits, then period(X) is a power of p. 

(2) As a partial converse: if period(X) equals 1, then irf h (X/k) splits. 

(2) If we have a section for the natural map to Galfc of the maximal quotient of iri(X) which 
geometrically is the product of an abelian group of order prime to 2 with a 2-group, which 
is an abelian extension of the Hi(X Xkk ale ,Z/ 2%) -quotient, then the index is also a power 
ofp- 

Proof: This follows from a more careful study of |Sx08a| Section 5. □ 
In order to get a curve X/k such that irf h (X/k) splits despite the fact that iri(X/k) does 
not allow sections, we are led to look for curves of genus 2, period 1 and index 2. These are 
guaranteed by results of Clark |C107j and Sharif |Sh07| . 

Here is an alternative construction for p ^ 3. Let P be the Brauer-Severi variety for the 
Azumaya algebra of invariant 1/2 over k. The curve P has genus and thus has a point y of 
degree 2. There is a non-constant rational function / on P with divisor z — y, where z is then 
necessarily also a point of degree 2. The branched cover h : X — > P defined by a cubic root of 
/ is totally branched above y, z, and unramified elsewhere. The curve X is of genus 2 by the 
Riemann-Hurwitz formula, its index is different from 1 but divides 2g — 2, hence index(X) = 2, 
and the period divides g — 1, hence equals 1. The curve X/k therefore gives an explicit example 
for a curve such that irf h (X/k) splits although 7T\(X/k) does not. 

Question 36. Find an explicit example for a smooth projective curve X over a number field k 
which is a counter example to the Hasse principle and such that TTf b (X/k) splits despite the 
fact that iTi(X/k) does not allow sections. The existence of adelic points rules out that m(X/k) 
does not split for local reasons and thus may be weakened to the requirement that there are 
local sections everywhere for still an interesting example. 

7. Example: the Selmer curve 

7.1. Geometry and arithmetic of the Selmer curve. Another famous example of a curve 
violating the Hasse principle was found by Selmer in |Se51j as the plane cubic curve S/Q of 
genus 1 which in homogeneous coordinates is given by 

3X 3 + AY 3 + 5Z 3 = 0. 

The Jacobian E = Picg of S is an elliptic curve with complex multiplication by Z[^] given by 
the homogeneous equation 

A 3 + B 3 + 60C 3 = 0, 

and [1 : — 1 : 0] as its origin. The curve S, as a principal homogeneous space under E, describes 
a nontrivial 3-torsion element of IH 1 (Q, E), see |Ma93| I §4+9. 
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Cassels gives in |Ca91| a proof of the absence of global points on S via etale covers as follows. 
There is a finite etale cover h : S — ► E of degree 9, which is a torsor under the finite etale group 
scheme E[3]. Standard methods in the arithmetic of elliptic curves allow Cassels to show that 
E(Q) = 0, see [Ca9l] §18 Lem 2, so that 5(Q) is contained in /i _1 (0) = Sn{XYZ = 0}, which 
does not contain rational points by direct inspection. A sketch of Selmer's original proof based 
on a 3-descent can be found in |Ca66j p. 206. 

As IT1 1 (Q, E) is finite, see |Ma93j Thm 1 and §9, there must be a locally constant Brauer- 
Manin obstruction on S which explains the absence of rational points. We proceed with con- 
structing the appropriate global Brauer class in the next sections. The construction relies on 
computations with a computer algebra package (SAGE). As the results on the Selmer curve only 
illustrate the difficulties with the Brauer-Manin obstruction in the section conjecture, we can 
afford avoiding the details of these computations. 

7.2. A degree 3 cover. For the rest of Section [7] we set k = Q(Cs) for a fixed cubic root of 
unity C3, and K = fc(e) with e = s/6. We denote by a the generator of Gal(K/k) which maps e 
to (36. The element 

7 = Cae 2 + (2Cs + l)e + 2Cs G K 
is constructed as an element satisfying N K j k {^) = — 10 using SAGE, and turns out to be a 
product of the prime above 2 by a prime above 5. We find 

(2Y + eX\ 1 

and the Ansatz of the Lagrange resolvent yields 

TJ _ (2Y + eX)(2Y + ( 3 eX) + 1 Z(2Y + ( 3 eX) + 7 • <j{l)Z 2 
U ~ (2Y + eX)(2Y + CseX) 



such that 



We define F G k(S)* as 

(7V) f-n rm- a2(7) r/ 3 2Y + eX 

(7.1) F - N K/k (U) - — -U- 2Y + C2£X , 

so that its divisor equals 

div(F) = 3div(C7) + 3- ([-2 : e : 0] - [2, Cfe : 0]) = 3D. 
The divisor D is fc-rational, of degree and describes a nontrivial 3-torsion class in E{k). 
Lemma 37. The 3-torsion E[3] of E sits in a short exact sequence of Gal<Q-modules 

(7.2) /i 3 E[3] Z/3Z -> 0, 

which as an extension is given by the Rummer character \m £ H 1 (Q,//3). In particular, for any 
field extension k' /Q, for which 60 is not a cube in k' , the restriction of to Galjt' -modules 
does not split and E[3](k') = fj,s(k'). 

Proof: The group E[3] is given by the solutions of ABC = 0, and the point [—1, £3, 0] generates 
a subgroup [43 C E[3]. The quotient E[3>]/[/,2 has to be constant by detS[3] = ^3 and the rest 
follows from computing the Galois action on the preimage of a generator of Z/3Z. □ 

We deduce from Lemma [37j that D generates ^3 C £"[3]. The associated 3 isogeny 

f-.E'^E 

has Galois group Z/3Z , the Cartier dual of the group generated by D. The cover 

h : W -c S k = S xq k 
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which is constructed as the integral closure in the extension defined by yields a twisted 
version of / : E' — > E. The associated surjective group homomorphism 

m F : TTi(Sfc) -> Z/3Z G H^lOS*), Z/3Z) 

computes as C3 1 = xf{9) for g G 7ri(<Sfc) and where xf is the cubic Kummer character 
associated to F. The restriction to the pro-3 component of the geometric fundamental group 
we denote by 

<P = m FL l{ s) ■■T 3 E = 7vf(E) = 7T? (S) Z/3Z. 
The map is up to isomorphism the unique GalQ-map T3 E — > Z/3Z according to Lemma [371 
Lemma 38. T/ie Z/3Z cower /i : — ► Sfc /*as good reduction outside primes dividing 2-3-5. 

Proof: As K/k is unramified above the primes in question, we may replace h by the base 
change W x k K — > S XqK. Here, the cover is the normalisation in the extension of the function 

field given by \fF which by (|7.ip amounts to the same as by a ^ ■ 2 Y+^fx • ^ e nave to 

check for prime divisors with multiplicity in div( ff ^ • 2 Y+~^fx ) no ^ divisible by 3, hence only 
div(o~ 2 (7)/7), which lives only in the fibres above 2 and 5 by construction. □ 

7.3. The global Brauer class. The global Brauer class, that will occur in the Brauer-Manin 
obstruction against rational points on the Selmer curve S will be the image of the cup product 
(a, corwQ(mj?)) £ H 2 (iri(S), ^3) for some suitable a G Z[l/30]*, more precisely the inflation of 
its associated Kummer character in H 1 (Q, ^3). For an adelic section (s p ) G ^ti(s/q)(Aq) we 
have the adjunction formula 

(7.3) ((a,coT k /Q(m F )),(s p )} = ^ inv p (s*(a, coi k/Q (m F ))) = ^ inv p ((a, s* cor fc/Q (m F ))) 

p p 

= ^inv p ((a,cor fe /Q(m.F ° s p | G al fc „))) = ^ inv p ( cor fc/Q (a, m F o s v )) 
p p 

= '^2mv v ((a,m F o s v )) = ((a,m F ), (s v )) 

V 

with s v = SplGaij. for a place v\p of k with completion k v . Consequently, instead of obstructing 
Q-rational points, or sections, via (a,coT }s ./Q(m F )), we can and will discuss the obstruction 
against fc-rational points or sections of iri(Sk/k) via the class (a,m F ) for a G Q*. Because S as 
a cubic has Q-rational divisors of degree 3, the class of the extension tti(S/Q) has order dividing 
3 and splits if and only if -K\(S}./k) splits. 

Multiplying with our fixed £3 we can transform the local invariants inv^((a,m^ o s„)) into 
the local cubic Hilbert pairing (a,F(s v )) with values in ^3. Here F(s v ) is the abuse of notation 
for the class s* v \f = Xf s v G H. (k v , ^3). The local contribution for a section s Xv associated to 
a point x v G S(k v ) where F is invertible, computes then as (a, s* (F)) = (a,F(x v )). 

The alert reader will already have noticed that the Brauer-Manin obstruction that we will 
exploit for the Selmer curve amounts to the descent obstruction imposed by h : W — > S k . For 
more details on the descent obstruction and the section conjecture we refer to jSxlOj . 

7.4. Variance of the evaluation at points versus at sections. The computation of (|7.3p 
shows moreover that the value of the local components of the Brauer-Manin obstruction depend 
only on m F os„ £ H 1 (^,Z/3Z), which subsequently is paired with the class of a via the local 
Tate-duality pairing 

(7.4) H^feojZ/aZ) x E 1 (k v ,n 3 ) Q/Z. 
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Let us identify E(k v ) (S> Z3 via the Kummer sequence of E with its image in H^fc^Ta-E). The 
range of mpo^, where s„ ranges over all sections associated to A^-points of 5 (resp. all sections) 
is given as an affine subspace 

(7.5) m F oso + (p(E(k v )®Z 3 ) C (resp. m F o s + ^(H 1 ^, T 3 E))) C H 1 ^, Z/3Z), 

where so is the section for some point in S(Q P ) for v\p. As Gal(fc/Q) is of order prime to 3, the 
corresponding situation over Q p is just given by the + -eigenspaces for the Galois action: 

(7.6) m F os + <p(E(Q p )®Z 3 ) C (resp. m F o s + ^(H^Qp, T 3 E))) C H 1 (Q p , Z/3Z). 
For the latter it was essential to choose the section of reference so associated to a Q p -point of S. 

7.4.1. Explicit computation of the variance. The isogeny f : E' —> E yields a short exact se- 
quence of GalQ-modules 

(7.7) T 3 E' T 3 E Z/3Z -> 0. 

Before we exploit this cohomologically we need several observations. After base change to k 
the isogeny of degree 3 over Ef. is still unique up to isomorphism by Lemma [37l But complex 
multiplication by Z[Q 3 ] is now defined, so that / becomes isomorphic to the multipliction map 
[C3 — 1] : Eh — ► Ef., which is of degree deg[£ 3 — 1] = N k /Q(( 3 — 1) = 3. A description over Q is 
as follows. 

Lemma 39. (1) The elliptic curve E' is the quadratic twist of E by the cyclotomic character 
Gal Q -> Gal(fc/Q) = {±1}. 

(2) In explicit equations we have E' = {v 2 = u 3 + 900} and E = {b 2 = a 3 — 24300} with the 
isogeny f : E' — > E being isomorphic to the map 

, , . ,u 3 + 3600 u 3 - 7200. 

(7.8) {u, v) (a, 6) = ( ,v 3 ). 

(3) The map f is surjective on Q 3 -points. 

Proof: (1) follows visibly from (2). The isomorphism of E as a cubic {A 3 +B 3 + 60C 3 = 0} 
to the Weierstrafi-form given in the proposition comes by the map 

[A : B : 0\ t-* (a,b) = (-180 • — — , 270 • ^— -). 
L A + B A + B' 

The map defined by (|7.8|) is a degree 3 isogeny, which we know is unique up to isomorphism. 

In order to prove the surjectivity of / on Q 3 points we may argue for all but finitely many 
points (a,b) £ E(Q 3 ). We have to solve the equations 

u 3 + 3600 , , n 3 - 7200 
a = ^ and = v ■ ^ 

in £ Q3 which automatically (up to maybe the finitely many exceptions when u 3 = 7200) 
yields a point (u, v) G E'(Q 3 ). The equation for v is linear, so we need to worry only about 
the equation for u. Substituting T = u/a (except for the case a = 0) we need to guarantee a 
solution in Q 3 of the equation 

(7.9) T 3 - T 2 + 3600/a 3 = 0, 

as long as a is part of a point (a, b) € E(Q 3 ). As v 3 (b 2 ) is even and ^(24300) = 5, the triangle 
equality holds with a minimum v 3 (a 3 ) = min{f3(6 2 ), 5}. But v 3 (a 3 ) is divisible by 3, thus 
^3(o 3 ) = v(b 2 ) < 5, and so the value is divisible by 6 and negative. Now equation (|7.9|) has 
coefficients in Z 3 and reduces to T 3 — T 2 modulo 3. The separable solution T = 1 lifts to a 
solution of (17. 9p by Hensel's Lemma, which proves the lemma. □ 

Lemma 40. Let M 7^ (0) be a Z 3 [( 3 ]-module of finite length, which is cyclic as an abelian group. 
Then M is isomorphic to Z/3Z. 
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Proof: We have M = Z 3 [C 3 ]/(£ 3 — l) n for some n. If n > 2, then we have a quotient 
M -» Z 3 [C 3 ]/(C3 - I) 2 = Z/3Z © Z/3Z • C3 which fails to be cyclic as an abelian group. Hence 
n = l, which proves the lemma. □ 

Proposition 41. Let v be a place of k such that 60 is not a cube in k v . 

(1) The map R 2 (k v ,T 3 E) H 2 (/c„,Z/3Z) induced by (p is an isomorphism of GaiQ -modules 
isomorphic to fi 3 . 

(2) H. 2 (k v ,T 3 E') ^ Z/3Z wifft teidl action o/Gal(fc/Q). 

(3) The sequence of G&l(k/Q) -modules 

^(fcu.Ta J5) ^ H^fe^Z/SZ) Z/3Z -> 

is exact, where (—,60) is £/ie pairing with the Rummer character associated to 60. 

(4) </?(H (fey, T3 E)) C H 1 (fc 1) , Z/3Z) is eguaZ to f/ie annihilator of (60) C H (fc.„,/i 3 ) under 
the local Tate- duality pairing. 

(5) //ut3, i/ien E(/c„) ©Z 3 = H 1 (Jfe,,, T 3 -B) . 

Proof: (1) By local Tate-duality the dual map equals /i 3 (k v ) — > E[3°°](k v ), which is injective. 

By Lemma [371 and Lemma 14*01 the A^-rational 3-primary torsion E[3°°](feu) is cyclic of order 3. 
(2) This follows from (1) as E' is the quadratic twist of E by Lemma l39l 
For (3) we use the cohomology sequence for (|7.7|) and (1) and (2), and it only remains to 

compute the boundary map ~K l {k v , Z/3Z) — ► H 2 (A; 1 ,, T3 E'). The short exact sequence (|7.7|) maps 

canonically to (|7.2I) inducing isomorphisms on the relevant terms of the cohomology sequence 

by (2), so that the boundary map equals 

-U60 : H 1 (/c t) , Z/3Z) — > H 2 (fc v , // 3 ), 

which is nothing but the pairing map with the Kummer class associated to 60, the class of the 
extension (|7.2|) following Lemma [371 (4) is merely a reformualtion of (3). 

(5) The 'multiplication by 3 n '-sequences and continuous cohomology a la Jannsen yield the 
short exact sequence 

E(k v ) © Z 3 R\k v ,T 3 E) -» T 3 (H 1 (k v ,E)) -> 0. 

By local Tate-duality H (k v ,E) equals Hom(E(k v ), Q/Z), which has finite 3-primary torsion 
part and thus T 3 (H 1 (A; tJ , £)) = Hom(Q 3 /Z 3 , H 1 ^, E)) vanishes. □ 

Proposition 42. Let v = (£ 3 — 1) 6e i/ie p/ace of k dividing 3. 

(1) <p(E(k v ) © Z 3 ) C H 1 (fc„,Z/3Z) is egtia/ to i/ie annihilator of (2,3) C H (fe„,|ii 3 ) under 
the local Tate-duality pairing. 

(2) <^(E(Q 3 )©Z 3 ) = ?nH 1 (Q 3 ,Z/3Z). 

Proof: The snake lemma applied to 

(7.10) E'(^) <g> Z 3 H 1 (fc t ,,T 3 E') T^H^.E')) 

\f \f \f 
E{k v )®Z 3 H^Tg-E) T 3 (H 1 (/c t; , E)) 

yields 

(E(k v ) © Z 3 )/f(E'(k v ) © Z 3 ) = <p(E(k v ) © Z 3 ). 

As Z 3 [£ 3 ]-module we have E(k v ) © Z 3 = Z 3 [£ 3 ] © F3 and / corresponds to multiplication by 
£3 — 1, at least after identifying Ej[. = E& correctly, and hence dimpg tp(E(k v ) © Z 3 ) = 2. 

The subgroup (2,3) is the + -part of H 1 (/c t) ,/i 3 ) under the action of Gal(A;/Q), so that its 
annihilator under the Tate-duality pairing equals the "-part of H 1 (/c 1) , Z/3Z) and has dimension 
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2 over F3. For (1) it therefore suffices to show that ip{E{k v )®'L 3 ) has trivial + -eigenspace, which 
is exactly statement (2). 

The analog of (|7.10|) with k v replaced by Q 3 yields 

(E(Q 3 ) ® Z 3 )/f(E'(Q 3 ) ® Z 3 ) = <p(E(Qa) ® Z 3 ), 

which vanishes by Proposition [39] (3). □ 

7.5. The locally constant Brauer class for the Selmer curve. 

Theorem 43. The class a = (2, mj?) G H 2 (7Ti5'/ c , /i 3 ) maps to a locally constant Brauer class 
A in B(jSfc), and ifte c/ass cor fc /Q(a) = (a, cor k/Q^F)) G H 2 (7ri«S', // 3 ) maps a c/ass m E(S) 
i/ia£ generates B(5)/Br( 



Proof: Let be the pull back of A to Br (5 Xq/c„). By Lichtenbaum duality and because 5 is 
of genus 1, the class A v is locally constant if and only if its evaluation at k v points is independent 
of the chosen point in S(k v ). 

The class a is unramified at places v \ 2 • 3 • 5 by Lemma [HH so that A v (x v ) for x v G S{k v ) 
vanishes. At v | 5 we find that 2 is a cube and thus a v = 0. 

At v I 2 we may apply Proposition HU Because 15 is a cube in Q2, the annihilator of 2 and of 
60 under the local Tate-duality pairing agree, and so A(x2) is independent of X2 G S(k v ). Let 
w be a place above v in K. In fact, the exact value is 0, because F(x2) is a norm from K w /k v 
and 10 is a norm from K/k, which by local class field theory implies that 

{10) ■ (k* v f = N Kw/kv K* w C k* v . 

But the cubic Hilbert symbol (2, 10) for k v vanishes, hence also A(x2). It remains to deal with 
the place v above 3. Here Proposition 14271) tells us, that the evaluation of A is independent of 
the point. 

With the class a also cor fc /Q(a) is locally constant. By |Ma93| Thm 1 and §9, we know that 
m 1 (Q,E) = Z/3Z x Z/3Z, hence E(S)/Br(Q) is cyclic of order 3, see Section OH In order 
to prove the last statement of the theorem it thus suffices to show, that a does not come from 
Br(fc). Let 5 = be a cube root of 10 in Q 3 . The value of F at [0 : 6 : -2] can be effortlessly 
evaluated with SAGE as 

F([0 : f : -2]) = N K/t ( ^ + ^> ) = - + <?< 3 + f )S - | C 3 + 9 

which up to cubes in Q 3 (Cs) equals (£ 3 — 1)(1 + (£ 3 — l) 2 ), and pairs nontrivially with 2 under 
the local cubic Hilbert pairing of Q 3 (C3)> which can be evaluated (using SAGE) via the explicit 
formula for the Hilbert pairing from |FV02j VII §4. □ 
Our discussion of the arithmetic of the Selmer curve so far allows to imediately disprove any 
hope that sections of 7Ti(5/Q) might be Brauer-Manin obstructed in the same way as rational 
points are. 

Theorem 44. There is an adelic section (s p ) G ^(s/Q) (Aq) which survives the Brauer-Manin 
obstruction from classes o/H 2 5 (7Ti(S'), // 3 ) ; in particular from the class cot^/q (a) of Theorem\43[ 

Proof: We have a short exact sequence 

Pic(S) ® F 3 H| (vri(S'), fi 3 )/ H 2 (Q, fi 3 ) B(5)/Br(Q) 0, 

in which Pic(5)®F 3 and E(5)/Br(Q) are both cyclic of order 3. The Brauer-Manin obstruction 
is linear in the class from B^(tti(S), /i 3 ) and vanishes on the image of H 2 (Q,^ 3 ) by inflation. 
Hence it suffices to consider the Brauer-Manin obstruction imposed by the class cor fe /Q(a) from 
Theorem H31 and that imposed by a generator of Pic(S) <g> F 3 . 

By the proof of Theorem 03] and by Proposition HH we find that the local components of 
(cor fc /Q,(a), (s p )) vanish except for possibly the component above 3. 
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At 3 Proposition E3J4) shows, that the variation of mj? o S3 with S3 the 3-adic component of 
an adelic section is the annihilator of 60, which is a larger space than the variation of mp o s X3 
for X3 G S(Qs) after Proposition l4*2l In particular, because 

m F o s [0:5: „ 2] G (60) 1 = ^(H 1 (Q 3 , T 3 E)) (2, 3) 1 , 

there is a 3-adic section S3, which necessary does not belong to a point in S(Qs), such that 
rriF ° S3 lies in the annihilator of (2, 3). Hence, if we choose this section as the 3-adic component, 
then the Brauer-Manin pairing with cor fc /Q(a) vanishes. 

Now we look at a generator of Pic(5) C5F3, which we choose as the divisor of the homogeneous 
coordinate X, so for S = we look at 

D = [0 : 5 : -2] + [0 : C 3 5 : -2] + [0 : $5 : -2]. 

As 10 becomes a cube in Q3, we may assume 6 G Q3 and compute in Pic(5 <8)q Q3) <8> F3 

D = D - 3 • [0 : 6 : -2] = [0 : Cs^ -2] + [0 : $5 : -2] - 2 • [0 : 5 : -2] = div(— 

Therefore the associated Brauer-Manin obstruction against adelic sections has no contribution 
at 3. The summands at p 7^ 3 vanish as well, because by Proposition [4TT 5) we may assume that 
the p-adic section belongs to a p-adic point, and for those vanishing is obvious by functoriality 
and Pic(Q) =0. □ 
The discussion of the Selmer curve in light of the section conjecture would not be complete 
without posing the following question, which the author so far is unable to decide. 

Question 45. Does vri(5/Q) split? 

Of course, the extension ni(S/Q) is the fibre product over GalQ of the geometrically pro-3 
extension irf(S/Q) with the geometrically prime-to-3 extension irf (S/Q). The latter splits due 
to a corestriction/restriction argument and by means of a point of S in a field extension of Q of 
degree 3. Consequently, the splitting of 7Ti(5/Q) is equivalent to the splitting of nf(S/Q). 

Appendix A. Letter from Deligne to Thakur 

We reproduce the following letter by P. Deligne to D. Thakur with Deligne's gratefully acknowl- 
edged authorization. 

March 7, 2005 

Dear Thakur, 

I thought I had a proof, but it is wrong. It contained one observation which I still like, which 
follows. 

Let X be smooth over a ring of 5-integers O of a number field F. Suppose Xp/F absolutely 
irreducible. If we choose an algebraic closure F of F, and a geometric point x of X F , we get an 
exact sequence of profmite groups 

(A.l) l^TTl(X) -7T1 (X) ->7T 1 (F) -> 1 

with tti(X) := TTi(Xp,x), tti(X) := m(X,x) and iri(F) = 7Ti(Spec(F), Spec(F)). A point 
s G X(F) given with a path, on X F from s(Spec(F)) to x, defines a splitting of (lA.lj) . and s 
alone defines a 7Ti(X)-conjugacy class of splittings. 

Observation : Let S be the union of the conjugacy classes of splitting of I A . 1\) defined by points 
s £ X(0). The set S is equicontinuous. 

In other words, for any open subgroup K of ni(X), there exists an open subgroup L of tti(F) 
such that all s G S define the same composite map L — > ni(F) — > iri(X) — ► iti(X)/K. 

It follows from this observation that the closure S of S (in the space of continuous maps from 
tti(F) to 7Ti(X) is compact, and also that the quotient of S by 7ri(A~)-conjugation is compact. If 
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X/O is proper, we have X(F) = X(0), and if all 7Ti(A~)-conjugacy classes of sections correspond 
one to one to points, this will give X(F) a compact (pro-finite) topology. I believe now that my 
conviction of long ago that this would give a contradiction if X was a curve of genus > 2 and if 
X(F) were (denumerably) infinite was wishful thinking. 

Here is the proof of the observation. 

Shrink Spec(O) such that X/O can be compactified with a relative divisor with normal 
crossing at infinity. 

The group tt\(X) being finitely generated (as a profinite group), it has only a finite number 
of (open) subgroups of index < n. Let K be their intersection. It is an open characteristic 
subgroup, and tti(X)^ := tti(X)/K has an order all of whose prime divisors are < n. The 
group tti(X) is the projective limit of the TTi(X)( n \ Dividing by K, we deduce from (lA.lj) an 
exact sequence 

(A.2) 1 -> tti(X)W tt^X)^ -> m(F) -» 1 

A splitting of (|A.1|) induces a splitting of (|A.2|) , and we will show that the splittings in S induce 
morphisms tvi(F) — > tti(X)^ which are all equal on a suitable subgroup of finite index of vri(F). 

Define O^ = 0[l/n\] and vr^OW) = vri(Spec(C( n )), Spec(F)). The sequence (Ml is the 
pull back by tti(F) — ► 7Ti(0( n )) of a sequence 

(A.3) l - 7n(x)W - 7n(x 0(n) )W - 7n(C?W) - l 

where 7Ti(0( n )) is the quotient of fi(I („),i) by the image of K. A point s € AT(O) (or just 
X(0 (n) ) defines a 7Ti(A > ) (n) -conjugacy class of splittings of (IA.3p . and the splitting of (|A.2j) 
deduced from the splitting of (lA.lj) in 5 are pull back by 7Ti(F) — ► 7Ti(C^ n ^). It remains to prove 
the 

Lemma. The set of splittings of the short exact sequence fA.3\) is finite. 

Proof: By Minkowski, 7Ti(C?( n )) has only a finite number of (open) subgroup of a given index. 
Let a be the order of Aut(7ri(A > )( n )) and z the order of the center of 7Ti(X)( n \ Let H be the 
intersection of the subgroups of tti(0^) of index dividing a 2 z. It is a subgroup of finite index, 
and I claim that any two sections agree on H, a claim from which the lemma follows. Indeed, a 
section s defines a s : 7Ti(0( n )) — ► Aut(7Ti(A > )( n )). If s and t are sections, on ker(a s ) n ker (at), s 
and t are with value in the centralizer of 7Ti(A > ( n )), and differ by an homomorphism to the center 
of iri(X)( n \ The section s and t hence agree on a subgroup of index dividing a 2 z, and a fortiori 
on H. 

All the best, 
P. Deligne 

References 

[AL] Aitken, W., Lemmermeyer, F., Simple counterexamples to the local-global principle, preprint, 

http : //www.f en.bilkent . edu.tr/~franz/publ/fks .pdf 
[LMB84] Bremner, A., Lewis, D. J., Morton, P., Some varieties with points only in a field extension, Arch. Math. 

43 (1984), no. 4, 344-350. 

[Ca66] Cassels, J. W. S., Diophantine equations with special reference to elliptic curves, J. London Math. Soc. 
41 (1966), 193-291. 

[Ca91] Cassels, J. W. S., Lectures on elliptic curves, London Mathematical Society Student Texts 24, Cambridge 

University Press, 1991, vi+137 pp. 
[C107] P. Clark, On the indices of curves over local fields, Manuscripta math. 124 (2007), no. 4, 411-426. 
[Cre] Cremona, J. E., Elliptic curve data, http://www.warwick.ac.uk/~masgaj/ftp/data/INDEX.html 



Brauer-Manin for sections 



31 



[ES06] Eriksson, D., Scharaschkin, V., On the Brauer-Manin obstruction for zero-cycles on curves, Acta Arith. 
135 (2008), no. 2, 99-110. 

[EW08] Esnault, H., Wittenberg, O., Remarks on the pronilpotent completion of the fundamental group, Moscow 

Mathematical Journal 9 (2009) no. 3, 451-467. 
[EW09] Esnault, H., Wittenberg, O., On abelian birational sections in characteristic 0, preprint, arXiv: 

0902.1143vl[math.AG], February 2009. 
[FV02] Fesenko, I. B.,Vostokov, S. V., Local fields and their extensions, 2 nd edition, Translations of Mathematical 

Monographs 121, American Mathematical Society, Providence, RI, 2002, xii+345 pp. 
[F04] Flynn, E. V., The Hasse principle and the Brauer-Manin obstruction for curves, Manuscripta Math. 115 

(2004), no.4, 437-466. 

[Gr83] Grothendieck, A., Brief an Faltings (27/06/1983), in: Geometric Galois Action 1 (ed. L. Schneps, 

P. Lochak), LMS Lecture Notes 242, Cambridge 1997, 49-58. 
[HS08] Harari, D., Szamuely, T., Galois sections for abelianized fundamental groups, with an Appendix by E. V. 

Flynn, preprint, [arXiv:0808.2556v l [math. AG] | August 2008, to appear in Math. Annalen. 
[Ja89] Jannsen, U., Iwasawa modules up to isomorphism, in Algebraic number theory, papers in honor of K. Iwa- 

sawa on the occasion of his 70th birthday on September 11, 1987, edited by J. Coates, R. Greenberg, 

B. Mazur and I. Satake., 171-207, Adv. Stud. Pure Math. 17, Academic Press, Boston, MA, 1989. 
[JLY02] Jensen, C. U., Ledet, A., Yui, N., Generic polynomials. Constructive aspects of the inverse Galois 

problem, MSRI Publications 45, Cambridge University Press, 2002, x+258 pp. 
[Ko05] Koenigsmann, J., On the 'section conjecture' in anabelian geometry, J. Reine Angew. Math. 588 (2005), 

221-235. 

[Li40] Lind, C.-E., Untersuchungen iiber die rationalen Punkte der ebenen kubischen Kurven vom Geschlecht 
Eins, Thesis, University of Uppsala, 1940, 97 pages. 

[Ma71] Manin, Y. I., Le groupe de Brauer-Grothendieck en geometrie diophantienne, Actes du Congres Interna- 
tional des Mathematiciens (Nice, 1970), Tome 1, Gauthier-Villars, Paris, 1971, 401-411. 

[Ma93] Mazur, B., On the passage from local to global in number theory, Bull. Amer. Math. Soc. 29 (1993), no. 
1, 14-50. 

[McR75] MacRae, R. E., On the two sheeted coverings of conies by elliptic curves, Transactions of the Amer. 

Math. Soc. 211 (1975), 277-287. 
[Mi82] Milne, J. S., Comparison of the Brauer group with the Tate-Safarevic group, J. Fac. Sci. Univ. Tokyo, 

Sect IA Math. 28 (1981), no. 3, 735-743. 
[Mz96] Mochizuki, S., The profmite Grothendieck conjecture for closed hyperbolic curves over number fields, J. 

Math. Set. Tokyo 3 (1996), 571-627. 
[Mz99] Mochizuki, S., The local pro-p anabelian geometry of curves, Invent. Math. 138 (1999), no. 2, 319-423. 
[Mz03] Mochizuki, Sh., Topics surrounding the anabelian geometry of hyperbolic curves, in Galois groups and 

fundamental groups, Math. Sci. Res. Inst. Publ. 41, Cambridge Univ. Press (2003), 119-165. 
[NSW08] Neukirch, J., Schmidt, A., Wingberg, K., Cohomology of number fields, second edition, Grundlehren 

der Mathematischen Wissenschaften 323, Springer, 2008, xvi+825. 
[Pa09] Pal, A., The real section conjecture and Smith's fixed point theorem for pro-spaces, preprint, 

|arXiv:0905.1205v2 [math.NT]| September 2009. 
[PoOl] Poonen, B., An explicit family of genus-one curves violating the Hasse principle, Journal de Theorie des 

Nombres de Bordeaux 13 (2001), 263-274. 
[Po06] Poonen, B., Heuristics for the Brauer-Manin obstruction for curves, Experimental Math. 15 (2006), no. 

4, 415-420. 

[Po08] Poonen, B., Insufficiency of the Brauer-Manin obstruction applied to etale covers, preprint, arXiv: 

0806.1312vl [math.NT], June 4, 2008. 
[P07] Pop, F., On the birational p-adic section conjecture, preprint, August 30, 2007. 

[PS99] Poonen, B., Stoll, M., The Cassels-Tate pairing on polarized abelian varieties, Ann. of Math. (2) 150 
(1999), no. 3, 1109-1149. 

[PV07] Poonen, B., Voloch, J. F., The Brauer-Manin obstruction for subvarieties of abelian varieties over function 

fields, priprint, [arXiv:math/0612263vl [math.NT][ December 2006. 
[Re42] Reichardt, H., Einige im Kleinen iiberall losbare, im Grossen unlosbare diophantische Gleichungen, J. 

Reine Angew. Math. 184 (1942), 12-18. 
[Sch98] Scharaschkin, V., The Brauer-Manin obstruction for curves, preprint, www.jmilne.org/math/Students 

/b . pdf , December 1998. 

[Se51] Selmer, E. S., The Diophantine equation ax 3 + by 3 + cz 3 = 0, Acta Math. 85 (1951), 203-362. 
[Sk99] Skorobogatov, A., Beyond the Manin obstruction, Invent. Math. 135 (1999), 399-424. 
[SkOl] Skorobogatov, A., Torsors and rational points, Cambridge Tracts in Mathematics 144, Cambridge Uni- 
versity Press (2001). 

[Sh07] Sh. Sharif, Curves with prescribed period and index over local fields, J. Algebra 314 (2007), no. 1, 157-167. 



32 



JAKOB STIX 



[St06] Stoll, M., Finite descent obstructions and rational points on curves, draft version no. 8, November 2006, 



|arXiv:math/0606465v2 



[St07] Stoll, M., Finite descent obstructions and rational points on curves, Algebra & Number Theory 1 (2007), 
349-391. 

[Sx08a] Stix, J., On the period-index problem in light of the section conjecture, preprint, Philadelphia, Februar 
2008, arXiv:0802.4125vl math.AG]| to appear in American Journal of Mathematics. 

[Sx08b] Stix, J., On cuspidal sections of algebraic fundamental groups, preprint, Philadelphia-Bonn, Juli 2008, 
[arXivimath. AG /0809.0017vi) 

[SxlO] Stix, J., Evidence for the section conjecture, Habilitationsschrift, in preparation, Heidelberg 2010. 

[Wi09] Wickelgren, K., Lower central series obstructions to homotopy sections of curves over number fields, 
preprint, July 2009. 

Jakob Stix, Mathematisches Institut, Universitat Heidelberg, Im Neuenheimer Feld 288, 69120 
Heidelberg 

E-mail address: stix@mathi.uni-heidelberg.de 
URL: http: //www.mathi . uni-heidelberg. de/~stix/ 



